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Chapter 1

Operators on Banach spaces

1.1 Some notions in functional analysis

1.1.1 Dual space

Let (E,| - ||g), (F,] - ||r) be two Banach spaces.

Definition 1.1 Let A: E — F be a linear operator. One says that A is bounded (or continu-

ous) if there is a constant ¢ > 0 such that:
[Aullr < cllulle,  Vue E.

Notation 1.1 e We denote by L(E, F) the space of continuous (bounded) linear operators
from E into F' equipped with the norm

I Tleerm = swp [T(2)lr
2€E o<1

o [fE=F, wewrite L(E) instead of L(E, F).

o Let E be a vector space over R. We recall that a functional is a function defined on E,
or on some subspace of E, with values in R. We denote by E’ the dual space of E, that
is, the space of all continuous linear functionals on E; the dual norm on E (the norm in
E') is defined by

Ifller = sup [f(z)]= sup f(z).

zeE,||z||g<1 z€E||z||p<1

e When there is no confusion we shall also write || f|| instead of || f & -

o Given f € E' and x € E we shall often write (f,z) instead of f(x); we say that (-,-) is
the scalar product for the duality E', E. So, we have the following inequality

VfeE Ve e E:[{f,z)| <|fllelzle (1.1)

e [t is well known that E' is a Banach space, i.e., E' is complete (even if E is not); this
follows from the fact that R is complete.
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o [f E is a Hilbert space, then, according to Riesz’s theorem (see [1]), the spaces E and its
dual E' can be identified, we write
E =F. (1.2)

The equality (1.2) does not mean equal elements, but rather in the sense that there is a

canonical isometry from E onto E'.

Example 1.1 Let1 < p < oo, we have (LP(Q))/ = L(Q) where I%—{—% =1. (LI(Q))/ = L>®(Q).

1.1.2 Some notions of convergence

Definition 1.2 (Strong convergence) Convergence of a sequence (T, )nen in a normed vec-
tor space (E, || - ||g) to an element x € E, defined in the following way:

Ve >0,9ng e N,Vn e N:n >ng = ||z, —z||p < e.

Or,

il = afls = 0,

We denote by z, — +x as n — +o0.

Definition 1.3 We say that the sequence (x,)nen C E converges weakly to x € E if and only
if
(fiwa) = (f,2), VfeE. (1.3)

for n — +o00. This weak convergence is written as x, — x,

Remark 1.1 e Note that the convergence in (1.3) is convergence for a sequence of real

numbers.
o [fx, — x, then (z,)nen is bounded in E; i.e.

IM >0: ||| < M.

Example 1.2 1. Let {e, }nen be an Hilbertian base for a Hilbert space (H, (-,-)). Then, for

each x € H can be decomposed as

x = i(en,:@en

n=1

m

lz = >_{em, z)em|| =0,

n=1
as m — +o0o. From this it follows that {e,,x) — 0 = (0,z) for any v € H' = H, this

means that e, — 0 in H.

On the other hand, we have ||e, — 0| = |le,|| = 1, so {e,} does not converge. We deduce

that {e,}, is weakly convergent but it is not strongly convergent.
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2. Let Q C RY an open set, let 1 < p < oo. A sequence u,, — u in LP(Q) means that

/unvdxé/uvdx, Vewve LYNQ),
Q Q

1,1 _
where§+a—1.

3. Let { fn}nen be the sequence of functions defined by

1 .
_ if x € [n,2n);
fal(@) { 0, if not.

We can wverify that {f,}nen converges weakly to 0 in L*([0; +o00]) but does not converge
strongly in L?([0; +00).

1.1.3 Reflexive space

Definition 1.4 Let (E,||-||) be a Banach space and let E' be the dual space. The bidual E" is
the dual of E' with norm

Il = sup [(fig)l, VfeE"

gEElng”E’Sl

There is a canonical injection i : E — E” defined as follows:
i: B — E”
T — iz,
where ix is defined as:
ir: B — R
o= i, flene = ([, %)k,
It is clear that ¢ is linear and that ¢ is an isometry, that is,

liz||gr = ||z]| - (exercice)

Definition 1.5 (Reflexive space) The space E is said to be reflexive if the canonical injec-
tion i: E — E" is surjective, i.e. i(E) = E".

When FE is reflexive, E” is usually identified with E; (E” = E).

Example 1.3 1. finite dimensional spaces are reflexive (since dim E = dim E' = dim E” ).
2. LP spaces are reflexive for 1 < p < oo. L' and L™ are not reflexive.
3. Hilbert spaces are reflexive.

The following result shows an important compactness property in reflexive spaces (see [1])

Theorem 1.2 Assume that E is a reflexive Banach space and let(x,) be a bounded sequence

in E. Then there exists a subsequence (x,,) that converges weakly to some x in E.

Abdelhak MOKHTARI 5
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1.1.4 Continuity, coercivity and convexity of operators

In the following, we state some definitions concerning continuity properties.

Definition 1.6 The operator T' : E — F' is called continuous at the point vy € E if for any

sequence (x,) C E

V(z,) CE: x,—x9 in E = T(x,) — T(xy) inF
(Ilen = 2oz = 0 = |IT(2n) = T(wo)|lr = 0)

This definition is equivalent to:
Ve >0,30 >0,Ve € E: ||z —xo||lp < 5= ||T(z) = T(xo)||r < e.

Example 1.4 Let (E,||-||) be a Banach space. We consider N : E— R; N(z) = ||z||. N is a
continuous functional. Indeed, for any (z,), C E such that x, — x in E, i.e. (||z, — x| — 0).

Since
(N(@n) = N@)| = [lznll = |2l < llzn — 2],

then we have N(z,) — N(z) in R.

There are some other definitions that are related to the concept of weak convergence.

Definition 1.7 Let T : E — F be an operator. T is called weakly continuous at xo € E if for

every sequence (x,) C E, we have
Ty, —x9 in E=T(x,) — T(x).

Remark 1.2 For functionals defined on E, the concepts of convergence and weak convergence
coincide. So the functional T :— R is called weakly continuous if for every sequence (x,) C F,
we have

T, =~ xo in E=T(z,) — T(xo) inR.

Note that the concept of weak continuity is stronger than the concept of continuity because the

convergence implies the weak convergence.

Definition 1.8 (Compact operator) An operator T : E — F is called compact if it is
continuous and T(B) is relatively compact set in F (i.e. T(B) is compact set in F'); here
B={z € FE:|z|g <1}.

There is an equivalent definition using sequences.

Definition 1.9 An operator T : E — F is called compact if it is continuous and if every

bounded sequence (xp)neny C E has a subsequence (x,, ) for which (T(a:nk)> converges.

Remark 1.3 If T is a linear operator then the requirement that T is continuous on E, which

then equivalent that T is bounded operator, is superfluous

6 Abdelhak MOKHTARI
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The compact operators defined on reflexive spaces have an important property that appears in

the following theorem.

Theorem 1.3 Let E be a reflexive Banach space and F a Banach space. If T : E — F is

linear and compact. Then we have
Ty =z in E=T(x,) > T(x) inF
Example 1.5 The application norm E > x +— ||x|| is a compact operator.

In the search for the global minimum, which we will discuss in Chapter 2, a related concept is

convexity and coercivity.

Definition 1.10 1. We say that a part K of E is convez if On dit qu’une partie K de X
est convexe Si:

Ve,y e K, VO €0,1], Ox+(1—-0)ye K.
2. When K is conver and J : K — R is a functional. We say that J is convez if:
Ve,ye K, V0 €0,1], JOx+ (1—-0)y) <0J(z)+ (1—06)J(y).
We say that J is strictly convex if:

Ve,y € K, avec x#y V0€]0,1], JOx+ (1—-0)y) <0J(x)+ (1-0)J(y).

3. We say that J is (strictly) concave if —J is (strictly) conver.

Definition 1.11 A functional J : E — R on a Banach space E is called coercive if, for every
sequence (Uy)neny C B,
lim  J(u,) = +o0.

lunll—=+oc

1.1.5 Lower and Upper Semi-contiwuity
The following concepts are often found in minimization theory of functionals.

Definition 1.12 1. A functional J : ER is called lower semi-continuous at a point xo € E

if for every sequence (z,) C E, we have:

Ty, — To = f(z0) < lyilr_r)lig)ff(xn).

2. J : ER is called weakly lower semi-continuous (w.l.s.c) at a point xq € E if for every
sequence (r,,) C E, we have:
T, = xo = f(zg) < I}Lriligof f(zn).
3. J : ER is called upper semi-continuous at a point xy € E if for every sequence (x,) C FE,

we have:
Ty, — To = f(x0) > limsup f(z,).

n—-4o00

Abdelhak MOKHTARI 7
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4. J : ER is called weakly upper semi-continuous (w.u.s.c) at a point xy € E if for every

sequence (r,) C E, we have:

70— 29 = f(ag) = limsup f(r,).

n—-+o0o

Example 1.6 Let (H,(-,-) be a Hilbert space. The functional N : E > x +— N(x) = ||z||, where
|-l =+/(,"). We have N is w.ls.c. Indeed; let (x,) C H and xo € H such that x, — xy, then

(n,y) = (x,y),Vy € H' = H,
in particular, taking y = xo € H, we get
(@n, 0) = (2o, 0) = [|z0]|*.
By a direct calculation, we get

||$n - onz = <13n — 20, Tn — $0>

= “xn”z — 2(xp, 7o) + ”xOHQ-

Since ||z, — zo||* > 0, we deduce that
lall* = 2{@n, 20) — llzoll*.
Passing to the limit in (1.5), and using (1.4), we get
A 2 2 2 _ 2
i inf 1,2 > 2laoll2 = [l = [l

which implies that N is w.l.s.c.

1.2 Functional spaces

(1.4)

(1.5)

In this chapter, we briefly mention some spaces and their most important properties and theo-

ries, which we will need in the following lessons. For more details see e.g [2].

1.2.1 L? Spaces

Definition 1.13 Let p € R with 1 < p < oo, we set

LP (Q) = {f : Q = RY; f is measurable and /Q|f($)|pdx < oo}.

with .
£l = 171, = | [, 1 @) dz]"

Definition 1.14 We set

L>*(Q) = {f 1 Q — RY; fis measurable and |f (z)| < ¢ a.e.on 9}7

with

[fll e = [lfllo = inf{c:[f ()] < ¢ a.e.on Qf,

with ¢ is a constant.
If f € L™ (Q) then we have |f(x)] < ||f|l, a.e. in .

8 Abdelhak MOKHTARI
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Theorem 1.4 LP(Q) is a Banach space for any 1 < p < oo, and reflexive for 1 < p < 0o, and
separable for 1 < p < oco.

Notation 1.5 Let 1 < p < 0o, we denote by p' the conjugate exponent
1 1

p p’_l'

Theorem 1.6 (Holder’s inequality) Assume that f € LP and g € LP with 1 < p < oo, then
fge L' and

J1ral <51 gl

1.2.2 Some Results about Integration

Theorem 1.7 (Lebesque’s Dominated Convergence Theorem) Let (f,) be a sequence of func-

tions of L'. We suppose that
1. fu(x) — f(x) a.e.on Q,
2. there exists a function g € L' such that for every n, |f.(z)| < g(z) a.e.in Q.

We have f € LY(Q) and || f,, — fll;» — O.

Theorem 1.8 (Lebesque’s Dominated Convergence Inverse Theorem) Let (f,) be a sequence
in LP and let f € LP be such that || f, — f|l;» — 0.

Then, there ezist a subsequence (fy,) and a function h € LP such that
1. fo.(x) — f(z) a.e.on Q,
2. | fu, (@) < h(x) Yk, a.e.in Q.
Lemma 1.1 (Fatou Lemma) Let (f,) be a sequence of functions in L' that satisfy
1. foralln e N, f, >0 a.e.
2. sup,, [ fn < 0.

For almost x € Q we set f(z) =liminf, , . fu.(z). Then f € L' and
J < tmint [ fn

1.2.3 W'?(Q) Spaces

Let © € RY be an open set, and let p € R with 1 < p < o0.

Definition 1.15 We denote by D(Q) the set of function of class C*(2) with support compact
include in Q. The Sobolev space W'P(Q) is defined by

dp
8IZ‘

WP (Q) = {u € L7(Q), 3g; € LP(Q)such that:/ ul? g = —/ gipdz, Yo € D(Q), Vi = 1,2, N} .
Q Q

Abdelhak MOKHTARI 9
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We set
HY(Q) = W2(Q).
For uw € W'P(Q) we set g—; = ¢;, and we write

ou Ou 8u)
0xy 0xy’  Oxn’

The space WP is equipped with the norm |[ullyrr = ||ull e + [|Vul| p, or sometimes with the

Vu = gradu = (

equivalent norm ully.r = ([ulls, + [|Vullf,)? if (1 < p < o0).

The space HY(Q) is equipped with the scalar product
/ uvdx +/ VuVudz.
Q Q

The associated norm ||ul| ;1 = (|lull72 + HVuHiQ)% is equivalent to the W2 norm.

Proposition 1.1 2] W'?(Q) is a Banach space for 1 < p < oo, reflezive for 1 < p < oo, and
separable for 1 < p < oo.
In particular HY(Q) is reflexive, separable and Hilbert space.

1.2.4 Sobolev Injections and Inequalities
Let (B, |l|z). (F. .|l ) Banach spaces
Notation 1.9

1. E is injected continuously into F', means that the canonical injection j : £ — F is

continuous i.e, 3¢ > 0,Vz € E: ||z|» < c||z||z, and we denote by E — F.

2. F isinjected in compact into F' means that the canonical injection 7 : E — F'is compact
i.e for all sequence bounded u, in E we can extract subsequence u,; convergent in F
and we denote by F —. F.

Np 11 1

If 1 <p < o0, the Sobolev exponent of p defined by p* = Ny Ol =5 R

Theorem 1.10 Let 1 < p < oo, we suppose that ) is on open set of class C* a bounded fron-

tier, and we take Q@ = RY

1. WhP(Q) — L9(Q) Vqe[l,p] if p<N.
2. WHP(Q) — L4(Q) Vqé€ [p,oo| if p=N.
3. WP(Q) — L>*(Q) if p> N.

Theorem 1.11 (Rellich-Kondrachon) Let Q C RY be a bounded domain of class !

1. Wh(Q) <. LY(Q) Vqe[lp| if p<N.
2. WHP(Q) —. L1(Q) Vq € [p.oo| if p=N.

5. W) cc(Q) if p>N.

10 Abdelhak MOKHTARI
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1.2.5 W,?(Q) Space

Definition 1.16 .Let 1 < p < oo, Wy means the closing of D(Q) in WP, we notice

_ wlp

Wir(©Q) = D@
= {uEWl‘P(Q):u:OsuraQ},

and
Hy () = Wy ().
The space Wol'p(Q) provided with norm induced by WP, H} is a Hilbert space for the scalar
product of H' we put HuHHé = [Jul].
Remark 1.4 When Q = RY, we know that D(RY) is dense in W'P(RYN), and there for

Wy P(RY) = WH(RY).

Proposition 1.2 (Poincaré’s inequality) Let Q@ C RY on open set, Then there erists a

constant ¢ > 0 such that
1.
[ullroy < cllVullppq) Yu € WoP(Q).

In other words, on Wy, the quantity HVuHL,,(Q) is a norm equivalent to the WP norm.

Theorem 1.12 (Young’s inequality) . For a,b > 0 and p,q > 1 such that % +% =1 we

have

1 1
ab < —aP + —b1.
b q

1.3 Differentiability of Functionals and Critical Points

In what follows, we present the two principal definitions of differentiability and their main

properties, we start with the directional derivative.

1.3.1 Géateaux differentiability

Definition 1.17 Let E be a Banach space, Q2 C E an open set, and let [ : @ — R be a
functional, we say that I is Gdteau differentiable (G-differentiable) at u € U, if there exists
A€ E' (A linear and continuous), denoted by I,(u) such that, for allv € E,

I(u+tv) — I(u) (A (1.6)

lim
t—0

If I is Gateaux differentiable at u, there exists only one linear functional A € E' satisfying
(1.6). 1t is called the Gateauz differential of I at u and is denoted by I},(u).

Abdelhak MOKHTARI 11
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Definition 1.18 If the functional I is Gateaux differentiable at every u of an open set U C E,
we say that I is Gateauz differentiable on U. The map

['G:E - F

u — I(u)
is called the Gateaux derivative of I.

Example 1.7 Let 1 < p < 00, the functional

[ IP(Q) — R
u I(u):/|u|pdm
Q

is Gateaur differentiable and we have
(Ts(w), 0) = p [ Jul2uvda.
Q

Indeed; let v € LP(QY), we have

I T P dz — [ |ulP
lim (u+tv) — I(u) lim Jo lu+tolP de — [ |ul dx.
t—0 t t—0 t

We define

guv:10,t] — R

S = Guol(s) = |u+sv|’.

since Gy 1s continuous on [0,t] and differentiable on ]0,t[, then according to the mean value

theorem, there exists a real ¢; €]0,t] such that

gu,v(t> - gu,v(o) = g;,u(ct)t

or,

lu+ tol” — [ul’ = plu+ v’ (u+ c)ut,

when t — 0, we have ¢; — 0, so

JuttolP —fur p2
%g% " = C}E0p|u+ctv| (u+ co)v

= plulfuw. (1.7)
Let us recall by the following preliminary inequality,
(a+b)P < 2771 (a? +VP),Vp > 1, ;Va,b > 0. (1.8)
Using (1.8), we get

Ju+ el (u + ew)o| < Ju+ e ol < 270 < C(luf o] + [of?).

12 Abdelhak MOKHTARI
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We verify that [ulP~|v| + |v|P) € LY (Q); that is, by Hélder inequality we get

1l ol de <l ol < o0

then |ulP~tv|+|v[P) € LY (). Using this and (1.7), applying Dominated Convergence Theorem,

we get
lim

t—0

Now, we define

A:LP

t

— R

v o= Av

fQ ‘u + tv|p dr — fQ |u|p dx — p/ |u|p_2uvdx.
Q

p/ |u|P~2uvda.

we prove that A € (LP(Q))', i.e. A is linear and continuous.
A is linear, that is, let vi,vo € LP(Q) and let o, f € R

A(avy + Pog)

p/ lulP~?u(av; + Bug)dx

0

p[/ |u|p*2uow1dx+/ |ulP~?uBvyda]
0 0

ap/ |u]p’2uvldx+6p/ |ulP~2uvyda
0 Q
aA(v) + BA(v2).

then A is linear. For continuity of A, let u,v € LP(Q2)

AW = Ip [ lul2uvda
Q

Then A is a continuous, so the functional I is G-differentiable and (I},(u),

1:1%(Q) - R

u =

is Gateaur differentiable and we have

Example 1.9 The functional defined by

J WP

<

IN

IN

Q) — R

u — J(u

1s Gateauz differentiable and we have

(Jo(u)

),

[ul"~ |v]dz

/|u|(p 1)pdac » / |v|pdx%
([ 1l 5505 ([ [ofraa)?

lullZe

o ol -

= [ uf? dz = Julf}s

v>:2/uvdx.
Q

)= [ 1Vl do = [l

—p / VulP Vv da.

v)

Example 1.8 In the previous example 1.7, if we set p = 2, the functional

= Jqo [ulP"2uvdz.

Abdelhak MOKHTARI
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1.3.2 Fréchet differentiability
Definition 1.19 Let E be a Banach space, 2 C E an open set and let I : @ — R be a
functional, we say that I is Fréchet differentiable at u € ), if there exists A, € E' such that

Iu+v)—1I(v)— A
o]l =0 [v]]

=0 (1.9)
Thus, for a Fréchet differentiable functional I, we have

I{u+wv) = I(u) = Au(v) + o([Jv]])
as ||v]| — 0.

If a functional I is differentiable at u, then A, is a unique.

Definition 1.20 Let I : Q0 — R be differentiable at uw € Q2. The unique element A, such that
(1.9) holds is called the Fréchet differential of I at u, and is denoted by I'(u). Then we can

write
I{u+v) = I(u) = (I'(w),v) + o(||v]))

as ||[v|| = 0.
Definition 1.21 Let Q2 C E be an open set.
1. If the functional I is differentiable at every u € ), we say that I is differentiable on €.

2. The map I' : Q@ — E’ that sends u € Q to I'(u) € E' is called the Fréchet derivative of I.

Note that I' is in general a nonlinear map.

3. If the derivative I' is continuous from Q to E' we say that I is of class C* on Q and we

write I € C1(Q).
Remark 1.5 e Notice that I'(u) is defined on E, even if I is defined only in SQ.
o [f I is Fréchet differentiable at u € ) then I is continuous at u.

o If I is Fréchet differentiable at u € ) then I is Gateauz differentiable at uw € €2 and
I'(u) = It;(u).

The converse of the third point of Remark 1.5 is not always true but we have the following

result:

Proposition 1.3 Suppose that 2 C E is on open set, such that I G-differentiable in 2 and
that I}, : Q € E — E' is continuous, then I is also Fréchet differentiable at u, and we have
Il = I'(u).

The proof of Proposition 1.3 is given in [3].

Remark 1.6 The importance of Proposition 1.3 reside in the fact that calculate the Gateau
derivative and then to prove that it is continuous is often technically easier to directly prove the
Fréchet differentiability. Also we deduce that the functional is of class C'.

14 Abdelhak MOKHTARI
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Example 1.10 We prove that the functional J : LP(]0,1[) — R (p > 2) defined by
u— J(u) = /01 |ulPdz.
is a Fréchet differentiable on LP(]0,1[). Indeed; we already prove that J is G-differentiable, with
(T (), ) = p/ol ufP~luw de, Vv € L2(]0, 1]). (1.10)
it remains to prove that
Jo: LP(Q) = (LP(Q))
u = Ji(u)

where Ji(u) is defined as in (1.10).
Let (u,) C LP(Q2) such that
u, — u in LP(§2),

we prove that J},(u,) — J5(u) in (LP(Q))'. By definition we have,
16 (un) = T (Wl o)y = S (e (un) = Jg(u), v)]
let v e LP(QY), such that ||v||;, =1, we have
| (Je(un) = Jg(w),v) | = [ {Jg(un),v) = (Jg(u), ) |
= p /01 |, [P 2 upvde — /01 lu|P~*uv dz|
< p /01 |, [P 2 upvde — /01 lu|P~2uvdz|
< ol P =l [ o)

1
< o [ NP2, — [l
0

hSA

We set wy, = ||t P2, — |ulP~2u|7 1, we know that u, — u in LP(0,1), there is a subsequence
Upk = Uy, Such that u,(x) — u(z) a.e. in]0,1], so we have
wy(x) — Oa.e. in)0, 1]. (1.11)
Moreover there exists g € LP such that
lun ()| < g(z) a.e. in0,1].
Thus,
jun (@) < [g(@)[P" € L#71(0,1) € L'(0,1). (1.12)
According (1.11) and (1.12), by the dominated convergence theorem we have w, — 0 in
LY(Q); that is
1
/ tn P 2up — [uP~2u|7 T dz — 0,
0
as n — +o0o0. Consequently
| (Je(un) = Jg(u),v) | = 0.
as n — 400, which means that J;,(u,) — J&(u) in (LP(O, 1)),, s0 Ji is continuous functional.

In conclusion, the functional J is Fréchet differentiable and it is of class C'.
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1.3.3 Critical points

Definition 1.22 Let €2 be an open set of Banach space E, assume that I : Q) — R is differen-
tiable. We say that u € € is a critical point of I, if

I'(u) = 0.

Remark 1.7 1. As I'(u) is an element of the dual space E', then I'(u) = 0 means that
(I'(u),v) forallv e E.

2. If u is not critical point, then we say that u is reqular point of I.

3. If I(u) = ¢ and I'(u) = 0 we say that u is a critical point for I at level ¢ and we say that

c is a critical level for I. If ¢ is not a critical level, then c is called a regular level for I.

4. The equation I'(u) = 0 is called the Euler, or Euler-Lagrange equation associated to the

functional I.
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