Chapter I1: Kinematics of the material point

I-Introduction
Kinematics is a subfield of physics, developed in classical mechanics. Kinematics is the study of

the motion of objects without reference to the forces that caused the motion.

I1- characteristics of the motion

In kinematics, the two fundamental concepts are space and time, because the motion takes place in
space as a function of time. Mathematically solving kinematics problems in physics will involve
understanding, calculating, and measuring several physical quantities:

- Position vector (OM): determines the object's physical location in space relative to an origin in a
defined coordinate system.

- Velocity vector (I7): which determines the variation in magnitude and position of the position

vector.
- Acceleration vector (a): which determines the variation in magnitude and position of the velocity

vector.

Il .1- Position vector

The position of an object OM s given by its displacement relative to O. It changes with time
(Fig.1).

Z
Path
o
—> 3
OM !
= Z
k
- =
. Ko >
i i e Y
s o
X
Fig.1

1,7 and K: unit vectors.

X, y and z: point coordinates.
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11.1.1- Path of motion

The path followed by the object is the set of successive positions or line along which point P moves
in space.

Parametric equation of the path: After removing time, we get the relations between the X, y, z

coordinates.

11.1.2- Displacement

The displacement is a vector quantity. It’s the distance in a given direction. So, it’s a vector from

the starting point to the end point:

AOM = OM, — OM, = AxT+Ayj+Azk

11.2- Velocity vector

Velocity vector is vector quantity that characterizes the rate of change in the position of a body in

space ([V] =m/s). The direction of velocity is the same as the direction of motion.

11.2.1- Average velocity vector

The average velocity vector V between My and M (or between two times t; and t,) is defined as the

ratio of the displacement AOM = OM, — OM; to the time interval At = t, — t; (Fig.2). That is:
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11.2.2- Instantaneous velocity vector

The instantaneous velocity ¥ is defined as the limiting value of the ratio Az—tM as At approaches zero.

Mathematically, V can be expressed as:

. AOM dOM
V= lim — =

At—0 At dt

11.3- Acceleration vector
The acceleration vector is vector quantity that characterizes the variation of the velocity vector with

respect to time

11.3.1- Average acceleration vector

The average acceleration d,, is defined as the ratio of the change in velocity AV = 72) — 71) to the

time interval At =t, — t;. That is:

_ V- _av

5
a
avg = t,—t; At

11.3.2- Instantaneous acceleration vector

Instantaneous acceleration is defined as the limiting value of the ratio ‘A‘—Z when At approaches zero.

It is defined as follows:

& = lim AV dV _ d*0M
A0 4 T g T ae2

Note
1- Depending on the shape of the path, the motion is classified:
- Linear when the path is straight line”

- Curvilinear when the path isn’t straight line.

2- If the motion is unidirectional (one direction), for example in the direction of the axis (OX), the

velocity can be expressed as follow:

Xp2—X1 Ax

avg  t,—t; At

Note that the velocity is a vector quantity.
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Ex:

Vit = P >0
Vige, = 3:4 : f: <0
Vits 2::1 =0 (x5 =2x)
.
Or, the average speed S,,4 is:
S‘wg — travelej;iistance - Saug (tl; ts) — d1+¢i:t:113+d4

So, the speed is the distance traveled per unit time (the speed is positive scalar quantity).

I11- Motions in various coordinate systems and bases

In mechanics, before studying the motion of a system, it is necessary to indicate the coordinate
system in which the motion will be describe. We will explain the motion in different coordinate
systems and bases, i.e. the set of three vectors on which we will give the expressions of the position
vector, velocity vector and acceleration vector. The elementary surface area and volume will also be

given.

I11.1- Cartesian coordinate system

The Cartesian coordinates system is orthonormal and it consists of three axes (OX, OY, OZ). The

directions of (OX, QY, OZ) are determined by three unit vectors (Z,J, E) which are fixed in the
observation frame of reference (neither the norm, nor the support, nor the direction of these vectors

change with time).

Each point M is marked by its coordinates (x, y, z) in the base (7,7, E) .

The position vector is defined by the origin point O and the components (X,y,z):

OM = xi+ yj + zk

_}X
0M<y>
Z
OM| =0M = /x2 +y2 + 22
lom]| VX2 +y
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oM = ||o|[@

. ) N oM
u is the unit vector: 4 = —
[oM]|

Displacement is a vector quantity. It’s a distance in a given direction. It’s vector from the

starting point to the end point: AOM = OM, — OM, = Axi+ Ayj+ Az k. So:

- The elementary displacement of M: dOM = dxi+dyj+dzk
- The elementary surface: ds = dxdy (or: ds = dydz, or: ds = dzdx).
- The elementary volume dv = dxdydz.

. .y_dOM _dx,  dy. dz
The velocity vector: V=—— = -1+ ] + —

d?oM  d*x, A%y, | d%’z3 .o .o .
— —_ —_— e VA
2 dtzl+dt2]+dt2k xXt+yj+zk

lall =a= (V4 +2)

- The acceleration vector: a =

I11.2- Polar coordinates system
The polar reference frame is orthonormal. It consists of two unit vectors (ii,, 1) which move with
time.

Each point M is identified by its coordinates (p, 8) in the base (i,, i) (Fig. 3).

6 is the angle between OM and 7.

i is perpendicular to u,.

P=0M M

Fig.3

Each point M is identified by its coordinates (p, 8) in the base (i), iy).
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The position vector is defined by:

o] = om = o

In the Cartesian reference frame: OM = x7 + yJ

So we have:
{x = pcos0
y = psinf
tgezi, p=+xt+ y?

U, = cosOi + sindj
Uy = —sinbi + cosOj
dii,

Noted that: 1, = 73

- The elementary displacement of M: dM = dpu, + pd6uy,
- The elementary surface: ds = p dpd6

The velocity vector: V= s m CaUe TP U =V = pu, + plu,

IVl =v =_[p*+ (p6)?

! _, dv  d(pu,+pbu
The acceleration vector: a’= = w

L9 dp do_ 4 o 30
P~ar (dt o TP g Uo TPy

dp

a=—1u
dt °

a=(p—pb*)u,+ (2p 6 + pO)u,

jali=a= (Jo- 002" + 210+ p0?)
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111.3- Cylindrical coordinates system
The cylindrical reference frame is orthonormal. It consists of three unit vectors (i, ﬁ’gfc)) which the

two vectors (i, 1lp) varies with time while k is invariable (Fig.4).

Fig.4

Each point M is identified by its coordinates (p, 8, z) in the base (i, ﬁ’gﬁ) (Fig. 4).

6 is the angle between OM’ and 7, M is the projection of M in the plane (xoy).

The position vector is defined from the origin point O and the components (p, 8, z):

OM = OM' + M'M=0M = pii,+zk

(P
o o)
VA

[0M] = oM =fp? + 22

In the Cartesian reference frame: OM = xT + yj + zk

So we have :

y = psin0

{x = pcos0
z=12

OM = \/p? + z? , p=+/xt+yr tg0=§

- The elementary displacement of M: dOM = dp U, + pd6 g+dz k
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- The elementary surface: ds =p d@dz (the side area)

- The elementary volume: dv =p dpdfdz

. — dOM  d(pi,+zk .
The velocity vector : V= dgi" = (pu;tﬂ ) 3’: + p ug +zk =V = pu,+ pO Ug+z k

V]| =v = (Jpz + (p6)* + 22>

av d(pﬁp+p9ﬁ9++zﬁ)

- The acceleration vector: a’=
dt dt
a=23 + ”+( D)0y + u + ph o Ly
ac Yo p 0 p 0T PY T

d=pi, + p Otig + pOiiy + phiig — pOai,+7 k

a=(p—po*)u, + (2p 0 +pO)ug+i k

ld|l = a = \/(p - péz)z +(2p 6 +p0)2 + 22

I11.4- Spherical coordinates system
The spherical reference frame is orthonormal. It consists of three unit vectors (u,, Ug U ) Which

vary with time.
Each point M is identified by its coordinates (r, 6, ®) in the base (u,, U e ) (Fig. 5).

0 = (0z,0M)= [0, 7], ® = (ox,0M") = [0,27]
Fig.5
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The position vector is defined from the origin point O and the components (r, 8, ®):

OM = ri,

r
o_ni(e), (0<® <2m and (0<6 < 1)
@

[oM]| = oM = r

OM = OM' + M'M

OM' = r'(cos®di + sindj)
r’=rsin @
OM' = rsin 8(cos®i + sin @j) = rsin OcosPi + rsin Osin dj
M'M=rcos 6k

So: OM = rsin Ocos®i + rsin 65in @j+ rcos Ok

In the Cartesian reference frame: OM = x7+ yj + zk
We deduce that:

X =rsin Ocos®P
y = rsin 0sin @
Z=1cos0

OM = rsin Ocos®i + rsin 0sin ®j+ rcos Ok=r(sin Ocosdi + sin Osin ®j+ cos Ok) = 1,

= O0M =r1u,

[ 2 2
r= X hyiazt, p=yxt+yt , tgp=7, tgh =2 = 2
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U, = cosPl+ sindj
U, = —sin®i + cosPj
Up = cosO U, — sinb k = 1iyg= cos O cos® 1+ cossin P j —sinbk
U, = sinfu, +cosOk = U, =sin 6 cos®i+sinOsin® j+cos O k

U, is the radial unit vector.

6ﬁ — - - - - 5
aer = U= COS O cosP 1+ cossSiNn P j —sinbk
Ug is the ortho — radial vector.

1 dlg_ 1 duy_

= — = —L= —sin®1 + cos Dj
@ cosO 0P sinf 0@ J

oty T,
T do+ o d o)

dOM = drii, + r( d6 tig + sinf ddTy)

- The elementary displacement of M: dOM = drii, + rdi, = dri, + r(

- The elementary surface: dS= 2 sinf d@ d&®
- The elementary volume dV=r?dr sinf do d® .

. .p_dOM _ d(rE,) _ dr,
The velocity vector : V= s W troo =

di, dr— i, do i, dP
— T r — — —— —
U + (ao dt+ lg dt)

V = i, + r(01y + ®sinby)

V] =V = \/1’”2 + 1202 + r2d2(sindh)?

H - df/ d . —> A — ¥ = —
- The acceleration vector: d=— = — (rur + r(6uy + dsind u¢))

a, = ¥ — rd?*(sinf)? — ro?
ag = 270 + r0 — rd*sin OcosO
ap = 27 dsing + rdsind + 2rddcoso

Ql
Il

@l =a= (Va +ap +a,?)
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I11.5- Intrinsic coordinate system (Frenet system)

The intrinsic coordinate system for each point of the trajectory is defined as a system of reference

formed by two axes (ur , uy) (Fig.6):

- Tangent axis: its direction is tangent to the trajectory and is positive in the same direction

than the velocity at that point. It is defined by the unit vector u;

- Normal axis: it is perpendicular to the trajectory and is positive toward the center of

curvature of the trajectory. It is defined by the unit vector uy

- Curvilinear abscissa

Fig.6

In this frame of reference, we define the curvilinear abscissa S of the point M along the trajectory as

being equal to the length of the arc MM . Noting that:

— dur . .

uy= % , R is the radius of curvature.
A 7 —_— ds

The velocity vector: V =V ur, V = =

The acceleration vector:

W _ a0 _ v dir
=T a4 _dtuT+th
d'l_l)T dl_l)T da N da
- = = uN R
dt da dt dt

dii; = uyda
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p—
uT—uNiR
., dup
uN—ERE

di;  diy dS

dt  dS dt

duy  dur

dt dS

diy V |

dt R W
L av_ dii;
a=actr dt
Lodv, V_
a=EuT Vﬁulv
a :EuT‘F 9{AU,N

dv
ar = i ; tangential acceleration
VZ
ay = a; normal acceleration

lall = a = var® + ay?

V- Study of motions

IV.1- Rectilinear motion

A rectilinear (Linear) motion is one-dimensional motion along a straight line. It can be described

mathematically using only one spatial dimension.

1V.1.1- Uniform rectilinear motion

It is characterized by constant velocity (zero acceleration) : @ = 0 and V = V,=C"
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V = VO = % = dx: VOdt 21-;; dx = fot Vodt = X'xOZVOt

—> X = x0+V0t

If Vo= 0, the object is stationary.

a (m/s?) V (m/s) X(m)
A A L
Yo
Xy
t (s; t (s; t (S;
Fig.7

1V.1.2- Non-uniform linear motion

It can be uniformly accelerated (or retarded) rectilinear motion. It is characterised by variable

velocity (non-zero acceleration).

a=ay= % = dV= a,dt :>f:0 dv = f(: apdt = V-Vy=a,t

= V:V0+a0t

dx

V="

= dx=Vdt :>f;:) dx = f(:(VO + aot)dt = X'X():Vot + %aotz
X= %aotz + Vot + xo (equation of a parabola)

- If acceleration and velocity are in the same direction (V. a > 0)the movement is accelerated.

- If acceleration and speed are in opposite directions (17. a < 0), the movement is retarded.

a (nf/\sz) V(mJ/\S) X(m‘)\
B
Yo
Xo
t (s; t (s; t (Si
Fig.8
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IV.1.2-Projectil (2 dimensions)
Any object that is thrown into the air is called a projectile.
Let us assume that at t = 0 the projectile leaves the origin (i.e. Xo = Yo = 0) with initial velocity 70)

that makes an angle 6, with the positive x direction as in Fig. 9

r=5

2T
\?))-:0

T

a,=0and a, =—g

Vo= Vyi+Vy,J , V. =V, cosy , V, =V, sinb,

We decompose the horizontal motion and vertical motion as described below:

a,=0=V, =V, =VygcosOy=x=V, t =>x=(Vycosby)t
a,=—g9g =>W=V, —gt=>V,=Vysinfy—gt=y=(V, sineo)t—%g t?
- Calculus of the horizontal range R (the distance traveled by the projectile when it returns to y =0)

after time t =T
Setx=Rattimet=T andy =0
R=(WVycosO,)T

y=(Vo sin@)T—>gT? =0

2V, sin@
=T=22""7

R=(Vycos0y) T=>R=(Vy cosBy) 2o sinbo ,2sinB, cosf, =sin20,

V% sin 26,
g

- Calculus of maximum height H:

we set V,, =0
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. VO Sin00
Vy=Vysinly—gt=0=t= ——

)
Vo sin @ 1 Vo sin @
H - V . 0 0 o_ = 0 0\ 2
= (Vo sin6) g 2 (—g )
VG sin? 6,
= 29
- Equation of the Trajectory:
X
x=[VycosOy)t >t= —

y=(Vo sinBp)G——) — 39 ——)? >y=-

) 2
Vo cos @y Vo cos 8y )x + (tg 90) X

(2 V3 cos2 6y

This can be written in the form y = ax? + bx, which is the equation of a parabola that passes
through the origin.

1VV.2- Curvilinear movement
1VV.2.1- Circular movement

In this case, the trajectory is not a straight line, but a circle of radius R (R is constant) (Fig.10).

Fig. 10

Using polar coordinates: OM = pui, = R,

\ —_ doM _ d(Ri,) dR_, do _ dR _
The velocity vector V= - et R - Uo (R = constant= e 0)

V: Reﬁg

|V|| = v = RO =Rw (§=w the angular velocity)

. . dV d(Réu
The acceleration vector: a= o= (d—t")
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Rdé—’ + Rédﬁe
= —u —
dt ° dt

a=R0Ou, — RO,
a=R(—6%i, + Ouy)

—

a =R(—6%u, + aiy) (0 = a angular accleration)

ldll = a = R(62)" + (a)?

- Using intrinsic coordinates

The acceleration vector: @ =R(0%*uy + Our)

dv 3
{ aT:E:RG

v: oo
kaNzﬁzRBZ = |a? —a?

- _
RO —ROP=>R =R (radius of curvature = radius of the circle)

v: o
E—R0:>

The curvilinear abscissa:

ds

_ ~de X s s _
V=E—RE:>dS—RdB:fSOdS—fooRdB:S—SO—R(B—BO)

1VV.2.1.1- Uniform circular motion
6 = wy=C", 6=0

9 = ﬁ = W0:>f:0 do = fOtWOdt:> 0 — 00 = Wot

de
:>0:W0t+00

In polar coordinates : V= Rwyiy

a =R(—6%u, + 01y)= —Rw,* U,
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In intrinsic coordinates: V= Rwour

2=

?iZ RWO Uy

The curvilinear abscissa: s = R(0 — 6,) + so= R(wyt) + s

1VV.2.1.2- Accelerated uniform circular motion
. . dw w t
6= ap=w =C* = 2 %= wa dw = fo aodt = W-wy= agpt

> W= a0t+WO

do 2] 6
W=22 = [ do = [fwdt = f, d6 = [5(at + wo)dt

= 0 — 0= agt? + wot = 0= agt? + wot + 0

V: RQﬁTZ RWﬁT:> V: R(a0t+W0) ﬁT

2

VZ
kaN N =g = R(agt + wy)?

dv
J aT=—=R(x0

S - R(G - 90) + S():> S = R(El aotz + Wot) +SO

I1VV.2.1.3- Angular rotation velocity vector
Let the plane of motion be the (xoy) plane and (oz) the axis of
The angular velocity vector of rotation, or simply vector rotation is w :

w=wk

V=Rwiiy= Rw (k A U,)= wk A Ri,,

29
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Fig.11

IVV.3- Harmonic motion (rectilinear sinusoidal)
The motion of a solid is said to be rectilinear and sinusoidal if its time law is written in the form:

X(t) =Xm sin (ot + @o)

x: is also called the elongation of the solid at time t (m).
Xm © IS the amplitude of the movement (m).

® = (ot + o) is the phase at time t (rad).

@o : initial phase, at t = 0 (rad).

®: is the pulsation of the movement (rad.s™).

Rectilinear motion is periodic and sinusoidal with period T = % (s) and a frequency f:% = 27" (Hz).

dx _

V= o

WX cos(mt + @p)

d .
a= d—: = -WXo sin(wt + @o) = a= -wx
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