Chapter 02: Particle kinematics Dr, Saad Essaoud Saber

1) Kinematic features of a particle
The kinetic properties of a moving particle can be studied by focusing attention on its kinetic
features during its movement. This includes tracking its change in position relative to a frame
of reference, examining its path (trajectory) of movement, measuring its velocity, and

estimating its acceleration.

1.1) Position and vector position

The position of a moving particle at a specific moment (t) is determined with respect
to a specified reference frame (origin) through its coordinates. If the motion occurs in one
dimension, the position of the moving entity is expressed with a single coordinate. In the case
of motion in a plane, it is represented by two coordinates. Meanwhile, three coordinates are

employed to express motion in three-dimensional space.

The position vector for the moving particle 'M' at the moment 't' is a vector extending
from the origin to the location of the point. It is symbolized by 'OM' and is analytically

formulated as follows: OM =Ty = xT+y] + 2z k

The position vector is characterized by:
o Starting point (the tail) of the vector: The origin point 'O’
e Ending point (Head or Tip) of the vector: The location of the moving particle 'M'.
e Direction of the vector: From point 'O’ to position 'M'.

e Support of the vector: The straight line connecting the origin 'O’ to the position 'M’.

e The magnitude of the vector: ||0M|| = \/xz +y24 22

The position vector OM is represented in the Cartesian coordinate system as shown in the

figure
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1.2) The Displacement Vector

The displacement vector for a moving particle between two moments, t; and tg, is a vector
that represents the particle's transition from position M; to position M. It is symbolized by
MMy and extends from the initial position to the final position. It can be expressed as the

difference between the position vectors, as follows:

M,M; = OM; — OM,

MM;=(xp— x;) T+ (y;— y)J+(zp— z,) k
The displacement vector is characterized by:
o Starting point (Tail) of the vector: The position of the particle 'M;" at moment 't;.’

e Head (Tip) of the vector: The position of the moving particle 'M;' at moment 't;.’

e Direction of the vector: From position M; to position My

® Support of the vector: The straight line connecting position M; to position My

o The magnitude of the vector: ||M,Mf|| = \/(xf — xl-)z + (yf — yl-)z + (zf — zl-)Z

The position vector MMy is represented in the Cartesian coordinate system as shown in

the figure
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1.3)Velocity vector

Generally, velocity represents the change in distance travelled by a moving object over a
specific time duration. By means of calculating velocity, we can classify it into two forms:

average velocity and instantaneous velocity.
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1.3.1) Average velocity

Average velocity, denoted as V, or Vg, serves as a vector quantity to describe the

velocity over an extended time interval between two distinct moments t; and ty.

Mathematically, it is articulated as the ratio of the displacement vector MMy to the time

interval At = ty — t; during this displacement.

The vector of the average velocity (V) shares the same direction and support as the

displacement vector (M, My), while its magnitude is determined by the ratio of the

displacement vector's length to the time interval.
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1.3.2) Instantaneous velocity

The instantaneous velocity, represented by V, is a vector describing the velocity of an
particle at a specific moment “t” or within an Infinitesimally small time interval
(A4t) approaching (tending to) zero. Mathematically, the vector of instantaneous velocity is
defined as the limiting value of the ratio of the displacement vector to the time interval as At

approaches (tends to) zero.

. MM
V(t) = lim —2
( 1
1 27 )
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In mathematical calculations, the limit process is expressed by the derivative of the position

vector with respect to time.

oo d(W)_d(xi+yj+zE)_dx% dy , dz .
V= —g = dt = e tadd Tar

wol= (&) (&) +(&)

The vector of instantaneous velocity represents a tangential vector to the path at the location

where the instantaneous velocity is calculated.

Note: The vector of average velocity between two moments t; and ty equals the vector of

g q q g 9. S L+t
instantaneous velocity at the midpoint of this interval %

Sttty
V( 2 ): Vir
Z —
V
’—:4”’ \‘\
Nl - —’—_——:f’ \\‘
l’ P — a" OM
’ . 0] ]f’,i’
g Y

1.4)Acceleration vector

Acceleration is defined as the rate of change in velocity with respect to time. Based on
how acceleration is calculated, we can distinguish between two types: average acceleration

and instantaneous acceleration.

1.4.1) Average acceleration

Average acceleration, denoted as @, or @, s> describes the change in velocity over a specific

time interval, typically between two distinct momentst; and tg. Mathematically, the Average

acceleration is expressed as the ratio of the change in velocity (AV, ;= V_,: —V;) to the
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change in time (At =ty —t;). The vector of average acceleration (@,y5) shares the same
direction and support as the vector of velocity change (AV, ), While its magnitude is the

ratio of the magnitude of the velocity change vector ( ||AV,,f|| ) to the duration of the time

interval At =ty — ;) .

Ay V-V (Vi — Va o Wy = Vy i+ Var = Vai) &
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||al;f|| - tf _ ti

1.4.2) Instantaneous acceleration

The instantaneous acceleration vector, denoted by d, signifies the acceleration at a
precise moment t, specifically within an infinitesimally small time interval (approaching or

tending to zero).

The acceleration vector is mathematically defined as the limit of the rate of change in

velocity over an infinitesimally small period of time, approaching or tending to zero.

—

d(t) = lim Viy
At—0 At

In mathematical terms, when the time interval becomes extremely small, the limit of a
function represents its derivative. Consequently, we can express the formula for

instantaneous acceleration as follow

ae) dW) AW i+V,j+V, k) dv, AV, qy,
o odt dt =~ Tdt T

av, \*  (dVy\*  rap,\?
lacl = <7> +( dt) +<dt>

Note: The vector of average acceleration between two moments t; and t; equals the vector

o g g g o g L+t
of instantaneous acceleration at the midpoint of this interval Tf

ity
“( 2 )Z“'f




Chapter 02: Particle kinematics Dr, Saad Essaoud Saber

1.5) Velocity and acceleration in polar coordinate system

The polar coordinates of point M represented by both Radial (p) and Angular (0)

coordinates, and given as M (p, 0), and the position vector for the point M can be written in

™

the polar coordinate system as follows: OM = pu, where p = ||W|| and u, = 5=
oM
llom|

The expression for the instantaneous velocity vector in polar coordinates is given as follows:

dOoM) _d(pw;) _dp . du
at ~ _dt | dt TP a4

V) =
U, = cosOX 1 +sinfx7j
Uy = —sinO X T +cosO X

d (U d(cos@ X T +sinf x do do
(T): ( ]):——sinex?+Ecosex7

dt dt dt
where d—Z:(_)) d—j:(_))ﬂz 0
t t t
T _dt( sin U + cos J) =0 Uy
d(dg) d(—sinf X T +cosf x 7j) do L, do . .
Pk i ——ECOSQXl—ESIHHX Ji
di_g d4i_g 4o _
where E_O t—Odt—H
d) _ _db X 7T +singx J)=-6
PTEERART: (cos [ + sin J) = u,
dp | deo
V(t) = Tur+pE Ug = pu, + po Uy
— . N2
Vol = ,/(p)2+(p9)
[ 30 )
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The expression for the instantaneous acceleration vector in polar coordinates is given as
follows:

d(V) _ d (pi; +p8 ty)

_)t = =
alt) = — de
TTdt TP Tar Tar e TP g e TPy

ae) = (p—po>) U, + (2p0 + pb)uy

[GON = = (5 - p62)* + @206 +pBY?

1.6) Velocity and acceleration in cylindrical coordinate system

OM =pu, +zk

d do dz — ) _
Lu_r’+paﬁ’g+—k:pu_r’+p9ﬁ’9+2k

Vo = dt

[Pl = @2+ (o) + 2

dt) = (p— p6>)u, + (200 +pB)ig +7 k

[GON = = (5 p62)’ + (26 +pby* + 7

1.8) Motion Path (trajectory)

The trajectory is a set of successive positions occupied by a moving particle at consecutive
(successive) moments. In other words, the trajectory is the geometric locus of consecutive
positions of the moving particle. It represents the connected line passing through all the
positions of the moving particle during its motion in chronological order. By examining the
shape of the trajectory followed by the moving particle, we can determine the type of its

motion, whether it is straight, curved, or circular.




Chapter 02: Particle kinematics

Dr, Saad Essaoud Saber

1.8.1) Path (trajectory) Equation
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The path equation for a moving particle is a function that defines the relationship

between the coordinates of this particle during its movement. Examples of some standard

forms of the path equations:

Straight Path Equation:

In two-dimensional Cartesian coordinates, a straight path can be represented by the

equation:

y=mXxx+b

where m is the slope of the line, and b is the y-intercept.

Circular Path Equation:
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The equation for a circle with radius R centered at the point C(h, k)
(x—h)?+(y-k)?=R?

YA
(x—h)?+ (y—k)?=R?

R

C(h, k)

e Parabolic Path Equation:
The general equation for a parabola in standard form is:
y=axx*+b xx+c
This is a quadratic equation, where a, b, and ¢ are constants.
The vertex form of a parabola is:
y=ax(x—h?+k
Where (h,k) is the vertex of the parabola.
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o Elliptical Path Equation:

The general equation for a hyperbola is given by:
(x—h)? (y-k)?
aZ T BZ 1

where, (h, k) is the center of the hyperbola, and a and b are constants determining the shape

of the hyperbola.
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y=ax(x—-h?+k

The position of a moving particle in the Cartesian coordinate system is described over time
by the following equations: x = 3(1 + cos(2t)),y = 3(2 + sin(2t))

1- Determine the Path (trajectory) Equation and plot it.

X = 3(1 + cos(Zt)) x = 3+ 3 cos(2t) 363;3 = cos(2t)
= =
y = 2(2+sin(2t)) \y = 6+ 3sin(2t) YT‘G = sin(2t)

(363;3)2 = (cos(Zt))2

(yT_G)Z = (sin(Zt))2
(x—3)2+ (y —6)* = 32

=) (5 -

The trajectory takes on a circular form as the derived equation represents a circle with a

radius of 3, centered at the coordinates (3, 6)

10T

9

8

LN
\\¥ B //

e S




