5 Usual function

5.1 Definition of arcsin and aarccos Functions

Definition| 5.1. 1. The arcsine function, denoted as arcsin(z) or sin~'(z), is the

inverse of the sine function |sin : [-7/2,7/2] — [—1,1]|. In other words, arcsin :
[—1,1] — [—7/2,7/2] such that Vx € [—1,1], we have

arcsin(z) =60 where — g <0< g and sin(f) = z.

2. The arccos function, denoted as arccos(x) or cos™!(z), is the inverse of the cosine
function |cos : [0,7] — [—1,1] | In other words, arccos : [—1, 1] — [0, 7] such that
Vo € [—1,1], we have

arccos(z) =0 where 0<6<m and cosf=uz.

Proposition 5.1. (Properties of the Arcsine and Arccos Function).

1. | arcsin(—xz) = — arcsin(x), arccos(—z) = m — arccos z | Va € [—1,1].

2. Derivative:

Vz €] — 1,1[: arcsin’ z = \/11_7, arccos’' & = —

1—x

3. Inverse of sine and cosine:

arcsin(sinf) =60, for -3 <0< 7

arccos(cosf) =0, for0<6<m

5.2 Definition of hyperbolic functions ch and ash

The hyperbolic sine and hyperbolic cosine functions are defined on R as follows:

sh(z) = ‘ _26
ch(z) = %

Let us denote that those functions are differentiable and we have

sh'(x) = % = chz
ch'(z) = % = shz
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Definition| 5.2. 1. The arcsine function, denoted as argsh(x) or sh™*(z), is the inverse

of the sine function |sh : R — R|. In other words, argsh : [~1,1] — R such that

Vo € [—1,1], we have
argshr =y where shy = x.

2. The arccos function, denoted as argch(x) or ch™'(z), is the inverse of the cosine
function |ch: [0,4+00] — [1, +o0[|. In other words, argch : [1, +o00[— [0, +o0]
such that Vz € [—1, 1], we have

argch(x) =y where chy = x.
Exercise 52. Calculate argch0O, argsh0, argchl, argsl
_ 5.2 (Derivative). The functions argch and argsh are differentiable and

we have

1

Vz € R:argsh's = ———

1
T2—1

Vz €]1, +oo[: argeh’'z =

5.3 Exercises

Exercise 53. Show that for all z € [—1, 1], we have

sin(arccos ) = /1 — 2% = cos(arcsin z)

Exercise 54. Let f : D — [—1,1] be the function defined by f(z) = sinz where
D =[Z 37

27 2

1. Verify that f is bijective and determine its inverse f~! in terms of arcsin.

2. Same question for f(z) = cosz and D = [20227, 20237].

Exercise 55. 1. Calculate arcsin(sin §), arccoscos(%), arccos(sin ).
4m Vs : fn 2T : (s
2. Calculate arccos(cos %), arccos(cos ), arcsin(sin %), arcsin(sin 5).
Exercise 56. 1. Show that arctan a + arctan b = arctan laf:b, with ab < 1

2. Calculate arctan(1/2) + arctan(1/3)

Exercise 57. 1. Calculate

C=Y i och(ke), S=>p,sh(kz)

2. Linearize shz.ch(2x), cha.ch’z

3. Verify that sh(2z) = 2shzchz and then calculate
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P = chz.ch(3).ch(g)....... ch(&).

Exercise 58. Let f: R — R be the function defined by f(z) = argchy/1 + z2.
1. Determine the domain of definition of f.
2. Calculate argch(cht), for all ¢ € R
3. Show that Vo € R : f(x) = argsh|z|.
4. Calculate f'(x), for all x € R*.
5. Is f differentiable at 07.

Exercise 59. (Assignment)
Let f: R — R be a continuous function defined by

B arctanx% if x#0
f(x)_{f if 7=0

1. Determine /.

2. Show that f is differentiable on R* and calculate f’.

3. Show that f is differentiable at 0 and calculate f’(0) (Apply MVT between 0 and x).
4. Deduce that f is C*.

5. Calculate ¢’ where g is the function defined on R by g(z) = arctan z2.

6. Calculate arctan z? + arctan x%, Vr € R* and deduce arctan z 4 arctan %, Ve € R*.
7. Show that g : [0, +o00[— [0, 7/2[ is bijective and calculate g~ *.

8. Calculate (¢97!)" in two ways.

Reminder

cos(a +b) = cosacosb —sinasinb, cos(a —b) = cosacosb+ sinasinb

sin(a + b) = sinacosb + cosasinb, sin(a —b) =sinacosb — cosasinb

2

cos(2z) = cos?x — sin’z, sin(2x) = 2sinw cosx

arccos : [—1,1] — [0,7], arcsin: [-1,1] — [-7/2,7/2]

! —1 DO AN 1
arccos r = a2 arcsin r =

-z

2
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arctan : R —] — 7 /2, 7/2],

/ _ 1
arctan’ x = a2

ett+e *

5 —, shr =

chx =

et—e”
2 )

1

chx + shx = e*

ch’'z = shz,

sh’'z = chz,

ch?z —sh?z =1

ch(a 4 b) = chachb + shashb,

ch(a — b) = chachb — shashb

sh(a + b) = shachb + chashb,

sh(a — b) = shachb — chashb

ch(2z) = ch®z 4 sh®z, sh(2z) = 2shzchz

argeh : [1, +oo[— [0, +00],

argsh : R - R

argch’'z = \/x+7_1, argsh’zx =

1
1+a2

argth : [-1,+1] = R,

argth’'z =

1
z2—1
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