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Chapter 1

Simple, double and triple Integrals

Definition: Let f be a continuous function on an interval I € IR. We say that a function F is an antiderivative
(primitives) of f if and only if F’(x) = f(x) on I or,

J.f:F+thereCeIR.
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Figure 1.1: Integral of f .
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Definition: The definite integral of a function f on the interval [4, b]
is a real number denoted as

b
5= [ fidn =R = F0)- FG), S
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Figure 1.2: Integral of f from a to b.
Properties: Let f and g be two continuous functions on [4,b], and let a and B be real numbers.

L [[af(x)+pg(x)]dx=a [ f(x)dx+p [ g(x)dxfora<x<b.
2. {7 flx)dx = - [{ f(x)dx for a <b.
3. Laf(x)dx =0 for any a.

4. Lauf(x)dx =0if f is an odd function.

(&)

. Lauf(x)dx = Zﬁf(x)dx if f is an even function.

6. If f >0on [a,b], then th(x)dx >0.

N

. If f <gon|ab], then Lbf(x)dx < Lb g(x)dx.

o

L Fxydxl < ['1f () dx.

1.1.1 Integration methods

Integration by Parts: Let u and v be two functions of class C! on [a,b]. The integration by parts formula is given

by:
b b
J. uv’ = [uv]Z—J u'v.
a a

ExampiE 1.1 . Evaluate the integral fonxsin(x)dx.

T T
J- xsin(x)dx = [-xcos(x)]§ + j cos(x)dx (Integration by parts)
0 0
TC

= —1cos(m) — (—0cos(0)) +f cos(x)dx
0

T
=T+ f cos(x)dx
0

= 10+ [sin(x)]{

= 7t + (sin(7t) — sin(0))
=1m+(0-0)

=T



Therefore, fxsin(x) dx =T

Integration by Change of Variable: Let f be a continuous function on I C R, and let u : J CR — [ be a C!
function on J with u(t) = x.

Then, [ f(x)dxdx = | O (1) dt.

u=(a)

ExampiE 1.2 . Evaluate the integral JOI V1 -x2dx. Let x = u(t) = sin(t) such that u’(t) = cos(t) and x=0—t =0

T
andx=1-—>t= 7"

| v e
J V1-x2dx= J 2 \/1—sin?(t)cos(t)dt = f 2 cos?(t)dt.
0 0 0
Using the identity cos(2t) = cos?(t) —sin?(t) = 2cos?(t) - 1, we get cos?(t) = %(1 + cos(2t)).

TC T

J;E cos?(t)dt = %Jo2 (1+cos(2t))dt =

N =

Tt
1 =
[t + Esin(Zt)]O2 = %

Therefore, fol V1-x2dx=1%.

1.1.2 Primitives of functions

Rational functions

Partial fraction decomposition:

Partial fraction decomposition is a method used to express a rational function as the sum of simpler fractions.
The general form of a rational function is
P(x)

Q(x)’

where P(x) and Q(x) are polynomials.

The process of partial fraction decomposition involves expressing the rational function as the sum of fractions
with simpler denominators. There are three main cases:

1. Distinct Linear Factors: If Q(x) can be factored into distinct linear factors, i.e.,
Q(x) = (a1x + by )(azx + by) -+ (ayx + by),
then the partial fraction decomposition is of the form:

P(x) A Ay A
= + oot )
Q(x) a1x+by ayx+b, a,x+b,

where A, A,,..., A, are constants.
2. Repeated Linear Factors: If the denominator Q(x) has repeated linear factors, i.e.,
Q(x) = (a1x+by)™ (agx +by)™2 -+ (ayx + by)"™,
then the partial fraction decomposition includes terms of the form:

P(x) A Ay Amy

Q) ax+by  (ax+b)? T (apxtby)m

for each repeated factor.



where Ax+ B, Cx+ D, Ex+F, etc., are linear polynomials.

The next step is to find the constants (such as Ay, A,,...,A,) by clearing the fractions and equating coefficients.

ExampiE 1.3 Determination of constants A, B, C, D and E (by identification):

1. Distinct Linear Factors

1+x A B 1+x (A+B)x+5A A+B=1
=
x(x+5) x  (x+5) x(x+5) x(x+5)

- - 5A=1

Solving the system, we find B = ;—L and A = % Therefore,

1+x 1 4

x(x +5) 5% 5(x+5)

2. Repeated Linear Factors

l+x _A B C D E
x3(x-52 x x2 x3 (x-5) (x-5)2

Integration of rational functions: Any rational fraction P(x)/Q(x) can be expressed as the sum of a polynomial
and simple elements of two types:

1. First type: Gra)y

1 In|x+a|+c ifn=1
e 1 1
J.(x+a)”dx - +c ifn>1.

n—1(x+a)!

where a, b, a, f,A € Rand n € N is a positive integer.

ExampLE 1.4 .

1+x
L fx)= x(x+5)

fﬂx)dx:j L+x dx:fidHJde: L inp+ 2inpe+ 5]+ C.
x(x+5) 5x 5(x+5) 5 5

o 1+x
- x3(x-5)%’

1+x A B C D E
Jf(x)dx:j—x3(x—5)2dxzfz+x7+5+ (x—5)+—(x—5)2dx
E

(x-5)

2. f(x)

+M

B C
=Aln|x|- — - — +DIn|x-5|-
x  2x?

Integration of the trigonometric functions
Integration functions (sin), (cos), and (tan).

2
In this case, let’s make the variable change: t = tan(;). This implies x = 2arctan(t) and dx = mdt.



cos(f)sinE
. . x x\ . (x 2 2 2t
sm(x):sm(ZE):ZCOS(E)sm(E): 2 P IR
cosz(§)+sin2(5) +1

112
cos(x) = 5

1 51‘
tan(x) = !

1-t2

ExamrLE 1.5 Let

1
| dx=[%4 =In|t|+c=1In|tan(}) +c

sin(x)

T 2

o tan(x) T B X o 2t 1t
2. fO ros(x)dx, where 0 <x< g Lett = tan(z), dx = mdt, tan(x) = 7, and COS( ) = m

T 1

1
i L , 1
Jz—tan(x) dx=f‘/3 2t dt:f—zt dt=-In|1 -2 V3 = -In
o 1+cos(x) o 1-t2 1-¢2 V3(1-12) 0

I
3
Integration of exponential functions

Exponential functions: In exponential functions, we use the following substitution: t = ¥, dt = e¥dx, and dx =
dt
.

ExampLE 1.6

e t 1 ; .
dx= | —dt= (1——)dt:t—ln|1+t|+c:e —In|1 +¢e*|+c.
1+e* 1+¢ 1+¢

m Double Integral

The general form of a double integral over a region D is written as follows:

J]D f(x,v)dxdy,

where

1. D represents the domain of integration, specifying the region in the xy-plane over which the integration is
performed.

2. f(x,p) is the function being integrated over the specified domain.



Definition: If D = [a,b]x[c,d] is a rectangle defined by a < x < b and
¢ <y <d, the double integral would be written as:

[], esprazas =J;bff<x,y>dydx- (11)

If f(x,9) = fi(x)/2(), we have

Lb J;df(x,y)d;udx = Lbfl(x)dxfcdfz(y)dy. (1.2)

Figure 1.3: Integral of f on D.

ExamprE 1.7 Let I = ff(2x+y)dxdy =2
1. I= JO (IO 2x+7y) dx)dy Jo 1+yp)dy = %

2. 1= (f01(2x+y)dy)dx:Iol(2x+12)dx:_

Double Integral over a Non-Rectangular Domain: Let f be a continuous function on a domain D C R%. The
domain D can be represented in one of the following forms:

1. Case 1: D ={(x,y) e R’ |a< x < b and ¢(x) <y < h(x)}.

The double integral is given by:
b rpx)
[ sopaxay= " [* " pxpiayas
D a Jo(x)
2. Case 2: D ={(x,y) e R*|c <y <d and ¢(y) < x < ¢(y)}. The double integral is given by:

JI flx,y)dxdy = J j f(x,v)dxdy

Examrie 1.8 Consider the double integral:

I= fj ydxdy,
D

D:{(x,y)€1R2|12x20,12y20, and x+y < 1}.

where the domain D is defined as:

1. Expression 1:

1 rlx 1 ! 1
I:J ydydx:—J (x? - 2x+1)dx = =.
0 Jo 2Jo 6

1 1-y 1 1
2
=f yf dxdy=f (y-y9)dy= .
0 0 0

2. Expression 2:

1.2.1 Integration methods



Double Integration with Change of Variables

Let ¢ : R? — RR? be a transformation given by

The Jacobian matrix of ¢ is given by the matrix of partial derivatives:

ox ox
Jp(uv)=| g 9.
ou Jv

Affine change:

Consider a continuous function f on a domain D C R%. Let ¢ : R*> — R? be a bijective affine transformation
defined by ¢(u,v) = (x,y). We have the following expression for the double integral:

J Lf (xy)dxdy = ﬂAf (¢, ), P(u,v))] du dv,

where A= ¢~ }(D)and ] = |]¢(u,v)|.

Examrire 1.9 Consider the double integral:

= [rD(ery)dxdy,

D={(xy)eR*|[1<x-p<2,-1<x+3p<1}

where the domain D is defined as:

Let’s introduce the following change of variables:

{u:x—y j{x:%(3u+v)
1
1

v=x+3y

1
The Jacobian determinant is given by | = T where A satisfies 1 <u <2and -1 <v<1.

The integral is then transformed into:

1 1/ (2 1 1 2 3
[:—Jf(u+v)dudv:—(f uduj dv+J‘ va- vdu):
8 JJA 8\ 4 -1 -1 1

Change to Polar Coordinates: Consider a change to polar coordinates given by:

x =rcos(0)
y = rsin(0)

where the Jacobian determinant is J = r.

Let A be the region in the xy-plane and D be its image under the transformation. The double integral is then

transformed as follows:
J] f(x,v)dxdy = JI f(rcos(0),rsin(0))rdrdb.
D A



ExampirE 1.10 Consider the double integral:

I= JJ xydxdy,
D

D={(x,y)€IR2I x>20,v>0, andx2+y2§1}.

where the domain D is defined as:

Now, let’s perform a change to polar coordinates:

x =rcos(0)
y =rsin(0)

with Jacobian determinant | = r. The region A in polar coordinates is defined as 0 <r <1and 0<60 < J.

The integral becomes:

5 X -
I :Jo L r3sin(0) cos(0)drd6 = (J; r3dr)[%J; sin(ze)de] = %
m Triple Integral

Let f be a continuous function on a domain D C R3.

Definition 01: The triple integral of f over D is denoted by I and is defined as:

I= MD flxv,2)dxdydz.

Fubini’s Theorem: Let D = [a b]x[c d]x[p q] € R>. The triple integral of f over D can be expressed as iterated

integrals:
rb rd g
J]f f(xp,2)dxdydz = J f(x,v,2)dzdydx
D Ja Jc Jp

rb rd g
= J. f(x,y,z)dxdzdy
c Jp

Ja J

rb o rd g

= f f(x,v,2)dydzdx.
c Jp

1.3.1 Triple Integration with Change of Variables

Let ¢ : R? — RR3 be a transformation given by

x(u,v, w)
o(u,v,w) = [y(u,v,w)],

z(u,v, w)

The Jacobian matrix of ¢ is given by the matrix of partial derivatives:

% Jdx  ox
du Jdv Jw
dy dy dy
du '
% Jz 0z
Ju Jdv Jw

Jp(u,v,w) =

9



Cylindrical Coordinates: The cylindrical coordinates of a point (x,,z) in IR> are obtained by representing the
x and y coordinates using polar coordinates (or potentially the y and z coordinates or x and z coordinates) and
letting the third coordinate remain unchanged

cos(6)

’
¢ = rsin(@) , A=¢(D), 0<60<2r, 0<r<oo, J=|g(u,v,w)=r,
z

N e R
I

Integral of f on D:
[HDf(x,y,z)dxdy dz. = jJLf(rCOS(Q):rSin(Q),Z)]drdez,

ExamprLE 1.11

J]I zdxdydz, D ={(x,v,2z)€ R3,0<z<1,x2 +y2 < zz},
D

I = Switch to cylindrical coordinates:{x = rcos(0),y =rsin(0),z=2,] =r,0<r<z<1,0<0 <27},

1 27 z 1Z3 9
I:J- f J zrdrdOdz =2mn —dz=—-m.
o Jo 0 0o 3 3

Spherical Coordinates: To evaluate the triple integral of a function f over D using spherical coordinates, we
need to express the integral in terms of the spherical coordinates r, ¢, 0. The spherical coordinates are related to
Cartesian coordinates by the following transformations:

x = rsin(¢)cos(0)
¢:{y=rsin(¢)sin(0) , 0<60<2wr, 0<¢P<m,
z=rcos(¢)

JJI f(x,9,2)dxdydz = IJ] f(rsin(¢)cos(0),rsin(¢p)sin(B),rcos(¢p))] drdO d .
D A

The Jacobian determinant of the spherical coordinate transformation is | = r2 sin(¢).

ExampLE 1.12
ij zdxdydz, D ={(x,y,z)€ R3, x? +y2 +22<1).
D

Using spherical coordinates, we get

J:I]A rcos((i?)r2 sin(¢p)drdOdgp = Jol J:n J;n 3 sin(¢p)cos(p)dpdo dr

_1 1 27 brd 5 . _E
= ZL L '[0 rsin(2¢)dgpdodr = <. (1.3)

m Application

Exercise Calculate the following integrals:

3
2 X
1. IO mdx

2. [(In(x))* dx.

10



a

Exercise Calculate the area of D and the following double integrals:

Area of D:
Jf 1dA, D={(xy)eR*:0<x<2,1<y<2}
D

Double integral of e* + y:

J] (e*+y)dxdy, D:{(x,y)elezOSx§2,1§y§2}
D

Double integral of \/x* + y?:
ff JxX2+v2dxdy, D={(x,p) e R*:x*+p? >4,x* +y* <9}
D
Double integral of x> + y*:

Jf(x2+y2)dxdy, D:{(x,y)eIRZ:x>0,y>0,undx§x2+y2§1}
D
Exercise Volume of D:
fJI 1dV, D={(x92€eR>:x>0,9>0,z2>0withz<1-y>and x+y <1}
D

Triple integral of z:
JJI zdxdydz, D ={(x,y,2)€ R3:0<z<1andx? +y2 < zz}
D

Triple integral of xy:
jJJ. xydxdydz, D={(x,p,z)eR’:z>0and 1 <x*+p*+2><4)
D
Triple integral of x* + y? + z%:

ﬂf (x* +9? +2%)dxdydz, D={(x,v,z2)eR>:z2>0and 1 <x*+p*+2° <4}
D

11



