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Chapter N°4 : Elementary functions

0.1 Inverse trigonometric functions

0.1.1 arccosine

We assume the function cosine cos : R — [—1,1], xz + cosz. To obtain a bijection from this
function, we must consider the restriction of cosine on the interval [0, 7]. On this interval the function
cosine is continuous and strictly decreasing, then the restriction

cos: [0,7] = [-1,1], x> cosz.
is bijection. Its inverse bijection is the function arccosine :
arccos : [—1,1] = [0,7], x> arccosz.
So we have by definition the inverse bijection :
cos(arccosz) = Vr € [—1,1]

arccos(cosx) =z VY € [0,7]
In other words :
Si z € [0,7] COST = Y & & = arccosy
Let’s finish with the derivative of arccos :
—1
arccos' () = ——— Vo el —1,1]
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0.1.2 arcsine

The restriction
-7 T

ERP)
is a bijection. Its inverse bijection is the function arcsine :

sin : | | = [-1,1], x> sinz.

arcsin : [—1,1] — [_TW’ g], x > arcsin x.



We have by definition :

sin(arcsinz) =z Vo €] —1,1]
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arcsin(sinz) =z Vr €|

In other words :

. - T . .
Si :EE[T,E] sinz =y < x = arcsiny
Let’s finish with the derivative of arcsin is :
. 1
arcsin’(z) = —— Vo e] —1,1]
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0.1.3 arctangent
The restriction
-7 T
tan :]7, 5[—> R, =+ tanz.

is a bijection. Its inverse bijection is the function arctangent :

—
arctan : R H]T, [, > arctanz.

o

tan(arctanz) =2 Ve e R

arctan(tanz) =x V& 6];, g[
In other words :
_ -7 T
Si xe]?,§[ tanz = y < x = arctany.
The derivative of arctan is : ]
tan'(z) = Ve e R
arctan’(z) 522 x

arctanx

x




0.2 Hyperbolic functions and their inverses
0.2.1 Hyperbolic cosine function and its inverse
For all x € R the hyperbolic cosine function, written cosh or ch is defined by the relation :

e+ e *
2

chx =

The derivative function is
ch/(z) = sh(x)

0

The restriction ch : [0, 4+00[— [1,+o0] is bijective. and its inverse bijection is :
argch : [1,+o00[— [0, +00[

The derivative function is .
——( x>1)

2

argch'(z) = -
x p—

0.2.2 Hyperbolic sine function and its inverse

For all x € R le hyperbolic sine function is defined by the relation :

(&

—e
shx =

2

sh: R — R is continuous function, differentiable and strictly increasing verifying

lim sh(z) = —ocet lim sh(x)= +oo,
T——00 T—>+00

The derivative function is
sh'(x) = ch(x)



0

then is a bijection. And its inverse bijection is : argsh : R — R. The derivative function is :
1

argsh'(z) = ————,

Remark 1 The name of these two hyperbolic functions suggest that the have similar properties to the
trigonometric functions and some of these will be investigated.

0.2.3 Hyperbolic tangent function and its inverse

By definition the tangent hyperbolic is :

sh(x)
th(x) =
(z) ch(x)
The function th : R —] — 1, +1][ is a bijection.
1

The derivative function is : th/(z) = 1 — th?(z) = ()
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we notice
argth :] —1,41[— R

is inverse bijection.
The derivative function is

argth!(r) = ——, (o] <1)
1| 0 i1
0.3 Hyperbolic trigonometry
ch(a + b) = ch(a).ch(b) + sh(a).sh(b), .......... (1)
ch(a —b) = ch(a).ch(b) — sh(a).sh(b), .......... (2)
sh(a + b) = sh(a).ch(b) + ch(a).sh(b), .......... (3)
sh(a — b) = sh(a).ch(b) — ch(a).sh(b)........... (4)
By multiplying the expression for (chz + shx) and (chz — shx) together, we have

ch®(z) — sh*(z) =1
obvious,
chx + shx = €*
Put a = b in first formulate (1)
ch(2a) = ch*(a) + sh*(a)
Put a = b in third formulate (3)
sh(2a) = 2.sh(a).ch(a)

_ th(a) + th(b)
thia+) = Ty

Put a = b in third formulate (5)
2tha

th2a = —————
“=7 + th?a

0.3.0.1 expression of inverse hyperbolic functions with natural logatithm

argch(z) =In(z + Va2 —1),( =>1)

argsh(z) =In(z + Va2 +1),( z €R)



1 1
argth(z) = §ln(£),( -l1<z<1)

Exercise : Use the definition of chx and shx in term of exponential functions to prove that :

chx = 2ch®x — 1, chx =1+ 2sh*x



0.4 Solution of the series "4"

Exercise 1 :

- x
1. For all x € R, 77r < arctan(i) < g, therefore the equation does not solutions.

2. arcsinz = arccos x < sin(arcsinx) = sin(arccosz) &z = V1 — 12 &z = >

3. The derivative : direct compute

4. a) sin(arccosz) = /1 — cos?(arcsinz) = /1 — 22
5. b) tan(arcsinz) = sin(arcsin ) =7

cos(arcsinz) /1 — a2

. ™ .
6. ¢) arcsinz + arccosx = —, we can prove this by two methods

First, consider the function f(x) = arcsinz + arccos z, continuous on [—1, 1], differentiable on
| —1,1[ and f'(x) = 0. Then f is constant over [—1, 1], hence

J(0) = arcsin(0) + arccos(0) = 7. Therefore Ve € [~1,1], /() =

U . . .. .
Or, we have : arccosxz = 5 —arcsing, because cos is bijective on [0, 7] so cos(arccosz) =
T i , T
COS(E —arcsinx). So x = z, then, arcsinz + arccosz = —.

7. d) We have :
tana + tanb

t )= ——M—
an(a +b) 1 —tana.tanb

we put a = arctan «, b = arctan x, so

¢ ( ¢ n ¢ ) tan arctan o + tan arctan x a+x
an(arctan o + arctanx) = =
1 — tan arctan . tan arctan x l—ax

)

o+ x
l1—ax

because arctan is a bijective, then :  arctan « 4 arctan x = arctan(

1
8. e) we put a = — in precedent formula (d)
x

1
1 —+z
x
arctan — + arctan r = arctan(il)
v 1——-=2
x

1 20+ 1
arctan x + arctan — =
T

= arctan(oo) = g

Exercise 2 :

1. If x #£ 0, f is quotient of two differentiable functions, then differentiable.

arctan z 1
— f(0 - t — 0
Ifx =0, lim M = lim —%——— = lim w = —. L.LF By hospital theo-
z—0 z—0 z—0 T x—0 x2 0
1
_ 2 —
rem lim l1-z lim 71“ = (0. The f is differentiable at 0, therefore differentiable
z—0 2x x—0 e(l + 332)
on R.
1 arctan x
- , if z#0
f(z) = z(1+2?) x? 7
0, if x=0

2. we know, arctan : R —] — g, g[ is continuous on R then over [0,z], « > 0 and differentiable

over |0, z[, according to mean value theorem there exists ¢ €]0, z[ such that

arctanx — arctan 0 arctanx 1

/ _1s
arctan’(c) = }g% por =, T iia

7



1 arctan
<
14 22 x

< 1+¢% < 1, hence,

other words, 0 < c <z =1< 1+ <1+2%> =
1+ 22

x
Y3 < arctanx.

then,
1+

Exercise 3 :
T .
sha 28h§.ch§ sh—

9 x

1. Vx e R: = = =th—.
v 1+ chx 20h2£ chg 2

2 2

2 1 2 1 thz
2.V 0o:—— —=—— — — = —— =thx.
z7 th2x  thx 2thx thz thx v
1+ th2x
2hZ
3. We have thx = 72$ and
1+ th2§

T x x x x T x x x x
1= 2 en2T 2T p2t _ogp2® 1= ch?S4sh*=+ch®=—sh?= = 2¢h®Z.
chx ch 2—|—sh > ch 2+Sh 5 sh 5 chx+ ch 2—|—sh 2+ch 5 sh 5 ch 5

chxr —1 T T T
=,/th?= th th(th—=) = —.
1 (g then argth(thg) =3
Exercise 4 :

For sh(z) > x let : f(x) = sh(x) —x so f'(z) =ch(z)—1, x>0
for every x > 0, f’(x) > 0 then f is increasing and f(0) = 0, then
f(#) 206 f(x) —2>0& f(z) > 2.

2

For : ch(z) > 1+ %

So

2
Let g(z) = ch(z) —1— % we have g(0) = 0et ¢'(z) = sh(z) —x > 0 then g is increasing and ¢g(0) = 0,

2
therefore g(z) > 0 < ch(z) > 1+ %

Exercise 5 :

1. For v/1 — 22 < x has meaning >0andl—22>0if0<z<1,so

if,

1 2

1—x2§x2@x222@x6[\2[,1].
_ 1_ 22 '
2. f defined on [—1, 1] and f’(x) = H—Weamsmx
V1— a2

2 9 5

flle)=0&a= \2[ fi(z) >0, siz €] -1, \g[, fl(z) <0, siz e]\g,l[



