Chapter 02: Particle kinematics Dr, Saad Essaoud Saber

3) Relative motion

In this section, we will focus on studying the motion of a material particle

relative to two reference frames, one of which is stationary (R’), and the other is moving (R).

As an example of relative motion, a person (A) sits under a tree to bid farewell
to his friend (B), who is moving inside a bus that passes in front of him. In this case, the
observer (A) sees that the movement of his friend (B) is composed of two movements: his
accompanying movement and the one resulting from the movement of the bus. And its own

movement inside the bus.

o @

As indicated in the figure below, the motion of person B (the passenger on the bus) with

respect to person A (the observer) is a composite) superposition) motion. Therefore, their
movement is influenced by the positions, velocities, accelerations, and the path of the moving
reference, which is the bus. From the diagram, it is evident that the bus occupies different
positions (C;, C,, Cs, etc.) concerning the stationary reference (observer). Simultaneously,
person B moves to different positions (B;, B, Bs, ..., etc.) concerning the moving reference

(observer C inside the bus).
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3-1) The absolute reference (stationary) and the relative reference (moving)

o The stationary reference frame is called the absolute frame (R(O, x, y, 7)), its origin

0, and its unit vectors 1,] , and k remain constant relative to the origin O over time.
e The coordinates of the particle M with respect to the absolute reference are denoted

asx,y, z
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o The relative reference frame, is a moving reference with respect to the absolute

- — —
frame, its origin O, and its unit vectors t',]",and k' remain constant relative to the

origin O’ over time, and are not constant relative to the absolute frame.
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e The coordinates of the particle M with respect to the relative reference R’ are denoted
asx’,y’, z’.

v The motion of M concerning R is labelled as absolute motion.

v The motion of M concerning R’is identified as relative motion.

v The motion of £’in relation to R is termed entrained motion.

3-2) Analysing Particle Motion within an Absolute Frame of Reference R(O, x, y, 7)

The expression provides the position vector, velocity, and acceleration for the moving

particle M in the fixed or absolute frame (R) as follows:
3-2-1) Position Vector

Position vector of the particle M with respect to the absolute (fixed) frame (R) is expressed
as:
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OM =7, =xi+y]+zk
3-2-2) Velocity vector (Absolute Velocity V_,;(t) )

Velocity vector of the particle M with respect to the absolute frame (R) is called absolute

velocity V,(t) and is expressed as:

_ d(m) d(OM) dixi+yj+zk) dx_ dy_ dz-.
V t) = = = [ — —_— N
a(®) dt dt dt dtl+dt +dt
R R
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3-2-3) Acceleration vector (Absolute Acceleration a,(t))

Acceleration vector of the particle M with respect to the absolute frame (R) is called absolute

acceleration a,(t) and is defined as:

— d(V) d?(0M) dET+yj+2K)  d(Va) . dVay) . d(Vay) -
@a(t) = e |, dx |, dt =@ tTa JtTa K
a, () =x1+yj+2k

( _ d(Va,x)
Gox =g

— - - 7 d V
aq(t) == Qgul+ aqyJ + aq .k where {a,, = %
_d(Va,z)

\aa,z - dt
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3-3) Analysing Particle Motion within an Relative Frame of Reference R’(0’, x’, y’, 2°)

The expression of the position vector, velocity, and acceleration for the moving particle M in

the relative (moving) frame (R’) are given as follows:

3-3-1) Position Vector

Position vector of the particle M with respect to the relative (moving) frame (R’) is given as:

_ _;

O'M =7 =x"1 +y’]_’)+z’ﬁ

3-3-2) Velocity vector (Relative Velocity V_;(t) )

Velocity vector of the particle M with respect to the absolute frame (R’) is called absolute

velocity V,(t) and is expressed as:

d® d(0'M) dxX'V+y' ) +2K) dx' = dy - dZ —
V.(t) = = = — 7 7 K
r(0) dtR dt dt dtl+dt]+dt
! R’
Where
a’l . djf|l ~dE] -
 — = , —— = O,— = O
dt dt t
R/ R/ R/
Vo(t _dx’—,>+dy’—;+dz’ 7 _ II_I_.I_)_I_ "k
( dx’
X! :E
> N 5 = dy’
V@) == Vot + Vi) + Vi pk" where Ty = r
_ dz'
iy

3-3-3) Acceleration vector (Relative Acceleration a,(t))

The relative Acceleration vector a,(t) of the particle M with respect to the relative frame (R’)

s written as:

200 = di)|  d2O'M|  dE T +y )+ 2 k)
= - d?t B dt
Ry R/
AWrn) 5 dWVry) = d%z) —
= Ta T Ta Y@ k
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3-4) Relation between relative and absolute motions

Based on the principles of composition, it is possible to derive the mathematical
formula that establishes the connections between the components of the position vector
(velocity and acceleration) for the moving particle M in the absolute frame (R) and the
components of the position vector (velocity and acceleration) for the moving particle M in a

relative frame (R’).

3-4-1) Relation between position Vectors ( OM and O'M )

The position vector (OM) for the particle M in the absolute frame (R) is equal to the
sum of the position vector (0'M) for particle M in the relative frame (R) and the origin

position vector (00') of the relative frame with respect to the absolute frame. The relation

between both vectors can be written according to the following expression:

OM = 00+ 0'M

—

OM:x?+yf+ZE:0—0’)+x’l_’)+y’]_’)+z’E’)

OM = xT+yj+2zk =xp, 1+ Vo, ] + ZO,E+x’7+y’7+Z’F

Where (Xo,,Yo1,Zo, Jare the coordinates of the origin O’ with respect to the absolute

reference frame (R).

In the case of irregular motion of the moving frame (R’), the unit vectors are unequal
(1#0,J#],andk k')

3-4-2) Relation between velocity Vectors ( V—a) and 7;)

When we derive the position vector for the moving particle M with respect to the absolute

reference(R), we obtain the expression for the absolute velocity vector as follows:
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. dOM)| d@©0+0om| d@o)| d@om)
V.(t) = = =
a(®) dt dt dt * dt
R R R R
. do)| dx'i+y' 42K
O==0—| + dt
R R

The unit vectors (1',)",and k') of the relative frame are constant with respect to the

origin O’ of the relative frame (R )(—| =0, ddi' =0, ﬂ 6), however, they

are not constant with respect to the absolute frame (R). Therefore, the derivative of these

unit vectors (1 ,]",and k') with respect to the absolute frame (R) does not equal the zero

= d dkr =
vector(—| #* 0, Jt’ ¢0—’ ¢0).

d(00")
dt

dix) »  d@)  dy) - dgh  d(z) — dik’
+(),+,()+(Y)],+y, (J)+()k,+,()

t) =
Va(®) = dar © Y Tar dt dt dt T

R

We rearrange the equation, and we get the following:

T d(00) v df s k' Ly d7
@ dt arn dt Y ETRT: ac ' Tac ) T
R v
v, "
V,(t) = 4(00) + v + Xk + ai + XY K
e dt xdt ydt Zdt XUty )tz
R V5
Ve

Hence, the absolute velocity vector ( V(;(t) ) of the moving particle M is the sum of the relative

( Vr)(t) ) velocity vector and the entrained velocity vector Ve)(t).

- d(00") dv df  dk
I eO==g"1 @& "V axt @
Vo(0) = V.(0) + V. (t) where R
dx' —» dy' - dz' —
PO =t )

We can further develop the expression for the entrained velocity

)| _do; here %2 = 4 (angular velocity) and J' = & a7
dt = dt] wnere dt = w (angular velocity) an ] = Al
R
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R
Using the same method we obtain
—d(],) @ d —d(k,) = G Ak
dt J dt
R

And therefore the entrained velocity can be written:

(70 | I
V() = T +x'won’ +y W +2 ok
R
- a©ooh| o
V() = T +on(x'V) + on(y'))+ oAz k")
R
V,(t) = (dt) +adAa (xXV+y )42 k)
R
- d(ooH| . —
@)= ———=| +&n 0M
R

The entrained velocity vector (Ve)(t) ) of the relative reference frame is related, on one hand,

to the velocity vector of the origin O' with respect to the absolute reference frame, and on the

other hand, to the rotation of the unit vectors of the relative reference frame with respect to

the absolute reference frame. Therefore, we must take into account both the translational and

rotational motions of the relative reference frame.

3-4-3) Relation between acceleration Vectors (a, and a)

We derive the expression for absolute velocity with respect to time then, we simplify the

obtained expressions as follows:

_dfa0)| 4l df s 7+ e
(1) = dt| de dtydtzdt xeryyphz
R
_,(t)_dZ(O_O") dx’d? ,d27 N dy s ,d27' dz' dPJr a2k’
Talt) = "2y T T A Tl P A P T T T
R
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We further simplify this equation and rearrange its terms, we obtain the following
expression:

d2(00 )
d?t

cdld) L dKk dW dy dPK
+x'—+y —+z —+x

aq(t) = dt dt d2t Ty d2t tz d2t

+X U +y 2K+ d7+ d]+ i
e S s

Finally, we obtain the following formula:

_)(t)_dz(O—O;) Lo a () A s s
a _dZtRdetdetZdZt Y Y A T dr xXLryjTz

ar
s —_—
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Consequently, the absolute acceleration vector (a,) for the moving particle M is the

summation of the relative acceleration vector (a,), the entrained acceleration vector (a,)

and the Coriolis acceleration vector (a.).

1

@) = d= l+dy]+d—k’

dt dt dt
R _.,._dxooh|  a*  d% d%K
a,(t) = a;(t) + a,(t) + a (t) where { a.(t) = 2 FET: +y e +z o
R

) =t d7+ d] dE"
) =2 dt Y G ac tE
We can further simplify the Coriolis acceleration vector a.(t) and the entrained

acceleration vector a,(t) as follows:

e The Coriolis acceleration vector a;(t)

Using these relations

d(1) . 0" _ o7 ndd(_k') I
dt oo dt J dt
R R R
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@) =2(@ AT +y'J +2K)) =20 AV,

o The entrained acceleration vector a,(t)

. d2(00") dz’ a2y d2K
@) =— Y Y Em Y
R

Using these relations

|

dzf’)_d(_) 7>_dw 7’+_> dl_dw 7’+

dzt_dt w Al | = dt AL a)/\dt— T Al a)/\cu/\l

} a3 d/., 7\ _dd 7 _ djf do E
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- —’—> -

2/ ANt
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— N — —

_ d?(00" do 7 _ (., 7 do 7. ., . 7 do &7 . =
a.(t) = 7 +(WAxl+wA(wal))+(WAy]+a)/\(a)/\y]))+(?/\zk+a)/\(a)/\zk))

R

_— _ d*(00") N dw 7 N dw dw ,;’ + % (_, ,7)+_, (ﬁ ,7’)
a.(t) = e (dt/\xl) I /\y] (dt AZ'k)+ @A [0 AxT oA (way'j
R

+ (@A (@ Az'k))

d200hH|  d®
a,(t) = pEn +( A(xl+y]+zk)+a)/\(a)/\(xl+y]+zk)
R
d*(00)|  d@ e
@) = — +( (0M)+a)A(a)A(0M)
R

Note: If the relative reference moves in a translation motion with respect to the absolute
reference (@ = 0), then:

d(oon)

o V,(t) =

o T(t)=2 (5)’ A(xl_; +3}'f'+ z ﬁ)) -0

- dz(oor)
i ae (t) = dzt R
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