
FONCTIONS DE PLUSIEURS VARIABLES

1 Dénition et exemples

Rn = (x1, x2, , xn), x1, x2, , xn ∈ R
(x1, x2, , xn) st t n-uplt, n ́om́tr on t un pont  Rn l st

vu uss omm un vtur.

Dénition 1 Un onton num́rqu  n vrls r́lls st un ppl-
ton f ’un prt D  Rn  vlurs ns R. On not

f : D → R
(x1, x2, , xn) 7→ f(x1, x2, , xn)

Ou n

f : D → R
x 7→ f(x) ou x = (x1, x2, , xn)

Exemple 1
1) f(x, y) = x3 + xy − y2, D = R2
2) g(x, y, z) = 1

x2+y2+z2
, D = R3 \ (0, 0, 0).

3) L onton sur = xy, volum = xyz.
4) L’llom́tr st l’́tu s ́lls  rltons ntr un prt u

orps t l orps ns son nsml. Un rlton llom́trqu ntr l mss
(M) t l lonuur (L) u orps s possons  l orm

M = aLb

4) L onton r́sstn ’un mont n prlll  ux r́sstns
x t y st onn́ pr

xy

x+ y

2 Fonction de deux variables

2.1 Domaine de dénition

L omn  ́nton ’un onton f(x, y), not́ Df , st l’nsml

(x, y) ∈ R2 : f(x, y) ∈ R
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En ́n́rl, pour ́trmnr Df on pss pr ls ́tps suvnts :
1) Ertur u omn.
2) D́trmnton s rontrs.
3)Rpr́sntton rpqu t ́trmnton s r́ons qu onsttunt

Df n utlsnt s ponts prtulrs stu́s ns ls r́ons.

Exemple 2
f(x, y) =

√
4− x2 − y2

−4−3−2−1 1 2 3 4

−2

−1

1

2

3

0

M1 M2

1) Df = (x, y) ∈ R2 : 4− x2 − y2 ≥ 0
2) D́trmnton s rontrs :
4− x2 − y2 = 0 ⇔ x2 + y2 = 22, rl  ntr

(0, 0) t  ryon r = 2
3) L rl vs l pln n ux r́ons, pr-

nons ux ponts qulonqus  s ux r́ons.
M1 = (0, 0) t M2 = (3, 0)

Pour M1 on  4− 02 − 02 ≥ 0
Pour M2 on  4− 32 − 02 < 0
Don Df = l rl t son nt́rur=l squ rm́.

2.2 Limite et continuité

1. Limite en (0, 0) :
Pour lulr lm(x,y)→(0,0) f(x, y), l prmr ́tp onsst  rmplr

x pr 0 t y pr 0, s on trouv un nomr ou ∞ ’st on. S on trouv
un orm n́trmn́ lors l ut r l nmnt  vrl n oor-
onn́s polrs suvnt :


x = r os(θ)
y = r sn(θ)

θ ontrôl l rton, t on :

lm
(x,y)→(0,0)

f(x, y) = lm
r→0

f(r os(θ), r sn(θ))

Ou n posr y = tx,  t ontrôl l rton, t lors

lm
(x,y)→(0,0)

f(x, y) = lm
x→0

f(x, tx)

• S l lmt n ́pn ps  θ (ou t) t st n on t qu’ll xst.
• S ll ́pn  θ (ou t) ou n n’st ps n on t qu’ll n’xst

ps.
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Exemple 3
1)

lm
(x,y)→(0,0)

x2 + 2y + 2

x+ y + 3
=

2

3


2)

lm
(x,y)→(0,0)

x3 + 2x2y

x2 + y2
=

0

0
(FI)

Pr l nmnt  vrl n ooronn́s polrs on trouv :

lm
r→0

(r os(θ))3 + 2(r os(θ))2(r sn(θ))

(r os(θ))2 + (r sn(θ))2
= lm

r→0

r3 (os3(θ) + 2 os2(θ) sn(θ))

r2

= lm
r→0

r

os3(θ) + 2 os2(θ) sn(θ)


= 0

3)

lm
(x,y)→(0,0)

x2 + 2xy

x2 + y2
=

0

0
(FI)

Pr l nmnt  vrl n ooronn́s polrs on trouv :

lm
r→0

(r os(θ))2 + 2(r os(θ))(r sn(θ))

(r os(θ))2 + (r sn(θ))2
= lm

r→0

r2 (os2(θ) + 2 os(θ) sn(θ))

r2

= os2(θ) + 2 os(θ) sn(θ)

Ctt lmt ́pn  θ, on ll n’xst ps.
4)

lm
(x,y)→(0,0)

xy√
x2 + y2

=
0

0
(FI)

Pr l nmnt  vrl y = tx on  :

lm
x→0

x(tx)√
x2 + (tx)2

= lm
x→0

tx2

√
x2
√
1 + t2

= lm
x→0

√
x2

t√
1 + t2

= 0

5)

lm
(x,y)→(0,0)

xy

x2 + y2
=

0

0
(FI)

Pr l nmnt  vrl y = tx on  :

lm
x→0

x(tx)

x2 + (tx)2
= lm

x→0

tx2

x2(1 + t2)
=

t

1 + t2


Ctt lmt ́pn  t, on ll n’xst ps.
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2. Limite en (x0, y0) :
On pos X = x− x0 t Y = y − y0

lm
(x,y)→(x0,y0)

f(x, y) = lm
(X,Y )→(0,0)

f(X + x0, Y + y0)

Exemple 4

L = lm
(x,y)→(1,2)

x+ y − 3

x2 + y − 3
= lm

(X,Y )→(0,0)

(X + 1) + (Y + 2)− 3

(X + 1)2 + (Y + 2)− 3
= lm

(X,Y )→(0,0)

X + Y

X2 + 2X + Y


Mntnnt pr l nmnt Y = tX on otnt

L = lm
X→0

X + tX

X2 + 2X + tX
= lm

X→0

1 + t

X + 2 + t
=

1 + t

2 + t


3. Limite en (x0,∞) :
On pos X = x− x0, Y = 1y.

lm
(x,y)→(x0,∞)

f(x, y) = lm
(X,Y )→(0,0)

f(X + x0, 1Y )

Exemple 5

L = lm
(x,y)→(1,+∞)

y ln

(
x+

1

y

)
= lm

(X,Y )→(0,0)

ln(X + 1 + Y )

Y


En posnt Y = tX on otnt

L = lm
X→0

ln(X + 1 + tX)

tX
= lm

X→0

ln(1 + (1 + t)X)

tX
=

1 + t

t


4. Limite en (∞,∞) :
On pos :X = 1x t Y = 1y.

lm
(x,y)→(∞,∞)

f(x, y) = lm
(X,Y )→(0,0)

f(1X, 1Y )

Exemple 6

L = lm
(x,y)→(+∞,+∞)

x sn

(
1

x
+

1

y

)
= lm

(X,Y )→(0,0)

sn (X + Y )

X


En posnt Y = tX on otnt

L = lm
X→0

sn (X + tX)

X
= lm

X→0

sn ((1 + t)X)

X
= 1 + t
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Continuité : f st ontnu n (x0, y0) s :

lm
(x,y)→(x0,y0)

f(x, y) = f(x0, y0)

Exemple 7 Etur l ontnut́ n (0, 0)  l onton

f(x, y) =

{
x2y

x2+y2
s (x, y) 6= (0, 0)

0 s (x, y) = (0, 0)

On  pr l nmnt y = tx :

lm
(x,y)→(0,0)

x2y

x2 + y2
= lm

x→0

x2(tx)

x2 + (tx)2
= lm

x→0

tx

1 + t2
= 0 = f(0, 0)

Don f st ontnu n (0, 0).

2.3 Dérivées partielles

On ommn pr onnr l ́nton pour l s ́n́rl.

Dénition 2 L ́rv́ prtll  l onton  n vrls f(x1, x2, , xn)
pr rpport  l vrl xk (ou k = 1, , n), st l ́rv́  l onton

xk 7→ f(x1, x2, , xk, , xn)

 l vrl xk, n ons́rnt touts ls utrs vrls xj omm s
onstnts ( ou prmtrs) .
Ctt ́rv́ prtll  f pr rpport  xk rst un onton  n vrls
t ll st not́

∂f

∂xk

Exemple 8 Ls ́rv́s prtlls  l onton :

f(x1, x2, x3, x4) = 3x2
1 + 5x3

2 + ln(x3x4) + x1x2

sont onn́s pr

∂f

∂x1

= 6x1 + x2,
∂f

∂x2

= 15x2
2 + x1,

∂f

∂x3

=
1

x3

,
∂f

∂x4

=
1

x4

5
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Exemple 9 Ls ́rv́s prtlls ’un onton  tros vrls f(x, y, z)
sont not́s pr :

∂f

∂x
,

∂f

∂y
,

∂f

∂z


Pour f(x, y, z) = xe2z + ln(xyz) on 

∂f

∂x
= e2z +

1

x
,

∂f

∂y
=

1

y
,

∂f

∂z
= 2xe2z +

1

z


Exemple 10 Pour l onton  ux vrls g(x, y) = x2+xy2+3y3+exy

on  :
∂f

∂x
= 2x+ y2 + yexy,

∂f

∂y
= 2xy + 9y2 + xexy

Mntnnt on onn l ́nton s ́rv́s prtlls sons pour un
onton  ux vrls.

Dénition 3 Ls ́rv́s prtlls sons  l onton  ux vrls
f(x, y) sont ls ́rv́s prtlls s ontons ∂f

∂x
t ∂f

∂y
. On ́numr qutr :

1) l ́rv́ prtll son pr rpport  x not́

∂2f

∂x2

2) l ́rv́ prtll son pr rpport  y not́

∂2f

∂y2

3) l ́rv́ prtll son pr rpport  x t pus y not́

∂2f

∂y∂x

4) l ́rv́ prtll son pr rpport  y t pus x not́

∂2f

∂x∂y

Exemple 11 Pour l onton g(x, y) = x2+xy2+3y3+exy  l’xmpl 10
on  :

∂2f

∂x2
= 2+y2exy,

∂2f

∂y2
= 2x+18y+x2exy,

∂2f

∂y∂x
= 2y+(xy+1)exy,

∂2f

∂x∂y
= 2y+(xy+1)exy

Theorem 1 S n un pont (x, y) ls ́rv́s sons ∂2f
∂x∂y

t ∂2f
∂y∂x

sont
ontnus, lors

∂2f

∂x∂y
=

∂2f

∂y∂x


6
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f fx

fx : x 7→ f(x, y)

y
fy y f(x, y)

R R

f U R2 M0 = (x0, y0) U
M0 U

lim
(x,y)→(xo,y0)

f(x, y) = ` ⇔ ∀ > 0, ∃α > 0 / (d(M0,M) < α et M ∈ U) ⇒ f(x, y)− ` < 

f U R2 M0 = (x0, y0) U f
M0

lim
(x,y)→(x0,y0)

f(x, y) = f(x0, y0)

• M0 M0

• f g (x0, y0) g(x0, y0) 6= 0
f

g
(x0, y0)

•

f (x0, y0)
fx : x 7→ f(x, y0) fy : y 7→ f(x0, y)

x0 y0

f f(x, y) =
xy

x2 + y2
(x, y) 6= 0 f(0, 0) = 0

fx : x 7→ f(x, 0) fy : y 7→ f(0, y) R
f x

f(x, x) = 1
2

f U (x0, y0) U
• fx : x 7→ f(x, y0) x0 f

x (x0, y0)

∂f

∂x
(x0, y0) = f ′

x(x0, y0) = lim
x→x0

f(x, y0)− f(x0, y0)

x− x0

• fy : y 7→ f(x0, y) y0 f
y (x0, y0)

∂f

∂y
(x0, y0) = f ′

y(x0, y0) = lim
y→y0

f(x0, y)− f(x0, y0)

y − y0

4
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• (x, y) U f x
y f x y U

U f
∂f

∂x

∂f

∂y
f ′
x f ′

y

f C1 (x0, y0) U
∂f

∂x

∂f

∂y
(x0, y0) U

f(x, y) = x2y + y2 + 3x f x y R2

∂f

∂x
(x, y) = 2xy + 3

∂f

∂y
(x, y) = x2 + 2y

f(x, y) = ex+y + ln(x− y) Df (x, y)/x > y
∂f

∂x
(x, y) = ex+y +

1

x− y

∂f

∂y
(x, y) = ex+y − 1

x− y

f C1 U R2 M0 = (x0, y0) U
V M0 M = (x, y) V

f(x, y) = f(x0, y0) + (x− x0)
∂f

∂x
(x0, y0) + (y − y0)

∂f

∂y
(x0, y0) + d(M0,M)(x, y)

lim
(x,y)→(x0,y0)

(x, y) = 0

C1 (x0, y0)

f(x0 + h, y0 + k) = f(x0, y0) + h
∂f

∂x
(x0, y0) + k

∂f

∂y
(x0, y0) +

√
h2 + k2(h, k)

C1 U
(x0, y0) U U

x y (x0, y0) U
∂2f

∂x2
(x0, y0) =

∂

∂x


∂f

∂x


(x0, y0) = f ′′

x2(x0, y0)

∂2f

∂x∂y
(x0, y0) =

∂

∂x


∂f

∂y


(x0, y0) = f ′′

xy(x0, y0)

∂2f

∂y∂x
(x0, yo) =

∂

∂y


∂f

∂x


(x0, y0) = f ′′

yx(x0, y0)

∂2f

∂y2
(x0, y0) =

∂

∂y


∂f

∂y


(x0, y0) = f ′′

y2(x0, y0)

f U R2

∂2f

∂x∂y

∂2f

∂y∂x
M0 = (x0, y0)

(x0, y0)

f C2 (x0, y0) U f
(x0, y0) U

x
y

5

6
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