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Exercise 1. (8 pts)

We consider the following matrix: A =

 2 2 −1
1 3 −1
−1 −2 2


1. Show that P (λ) = (λ− 1)2(5− λ).

2. Diagonalise A.

3. Find An.

4. Solve the system of recurrence Xn+1 = AXn.

Exercise 2. (10 pts)

We consider the following matrix: B =

 5 0 4
2 1 5
−4 0 −3


1. Show that P (λ) = (1− λ)3.

2. Find the minimal polynomial Q(λ), what can we deduce?

3. Triangulate B.

4. We put N = B − I3:

- Verify that N is nilpotent and that etB = etetN .

- Solve the differential system X ′ = BX.

Exercise 3. (2 pts)

Let A be an n× n nilpotent matrix:
Show that λ = 0 is the only eigenvalue of A and deduce that P (λ) = λn.



EXqrn Corr"&,rrn ALQa JoQ3l"q"{$

-rl
*-{
t-)

6*" *.

L-4
t-) -4
A- \ "a-,\

4 fl())=' :b 
I

3

I.=4 r' M\
.:t-/

\ L- L
t-*

.,\L
g [x\ = ,w (A-\T,\ .lo!0" ':L \,**l-

i1

-[ ---a lte-

\I;)
\,lo

5

6d

4'

A -L

rv\ {

L;)-L
4
4 \

)

I
1,,4L -4

-i
)ti)-L

t-.!

(
4L

t'"r I \
A

tlt.

l
t
,
L

IL
.-),( - 

t) .\
E

'n -r t)

u'.

.) vtll, f^ J -\ =l.l

I,,ail *: LS-

ct-.]

c>d\ i
-ll

l-A

ffi\ [i",,\""$

t

t
3

'iL

4

T.)*([-

x

i r:\.tft)
gT

v1,
-\

LIr\ = EY\\ 4v,,J.) eJ

{: (i)=" g4 -"1t +r)-\
-{L L)_\

r^\
\)

l'o{ I, } fA -)oTr\ {
(n * 5 r3\Y o -o6 +

-tr

-t\-1)
\
I

I

L1

!i

* ,,O
=G4V

EL5}

lt

')

3

{
t

\
]

-Ar Q*-

-)

Ir \ll \

li i

\t *2) -\ 4)\='

e []n) 4{:}
,{

\)
4

?U rr.i, ,{l} t5 ro 5

p
\

rit

4

ll
\t
A't
+t-

{3\= (t
\^

,{ t A/l

r'r
l4 0

- l o 4

\a b

ht
u}\

t

1*
Lt

>-
\

v

\
L-

l
l.{
\.-v
v
r-l

4
4

-4*" -{^ f'v{- {=?s s) Yt=

,( rk -rs ,t^)'= Y-)
x\+d= ta*LJ'

v
7-

1U

"vL.=

r\\ ".

T=

6-@e1
.tJs )"\

. --:) @
B') Q n@:

"xf/) -+U-t A -\F" Iv5
Yb*

.3 v)* r
\
J + -4^YL

u

T tr+! +
)-

*4
f-

G
J

I

t1 : lt+
6

& ,\:t=*trs t)

v---t 1\)

-"L: E Dr\ > i'=-- *t-

I

:U
1
b

>
Y a\ -)r ,l,/ )

)

Vt

I

t

{
I

\

=\

I



d=?s [,1
-! -4

f ep *6 4=lLP'\
t)1 wg.J.^.* #n

,\

- ).)

-)/

v

50

4

A

./l

o
"tl

1-

4
s

"A

(--

\-/L
!*
v

4so 21--
\.1

*.L 1-U

\)

4oA:

A

)

)

L1 \6 \-- (6-D \ r-
-l-) t r)C(t,-
= (a-)\l tLYI "A

t
t

-L,

*t

a

a

t

t

x
+

r
f

vl

A

"i]

X"-A---'\)

Z
h

!t
5

q
-t--

ry\4
'#}r

)ru*- X"; AX*\NCLy
I

t
{)t

.t
t5
t

I

{
x*r (
Y*= (

tr*= t
ZA (1

rO

\t;o .,,-)
[ -u u

-t*P *4 il
o

q

5
*3

/5' o

/\{Y{'[<= IIJ \ -\ 
O

J-il Lt|* h I'\ =

Y,"tn)-{J

car4 o

{Yrr
3= | -v os{=B-j

:$

j
,/

- .,\ >>
1

\- *\

u

,v'. tg '-5I =
,)
5

ff-St

>\ L-1

L4

6
-q

+

-tL
0

+os

5Y<t

_ylA-t

)t v\

u)
**-r\ l ,l

r
It

b*

ftlt=
? t): =

?Lr\=

/l

r5->)t\hJ\

,
t,rr- F)

{

/o c

| *,t, o

\o a

QtA\- cO'".'J

{} ALi\=I*'t

N

CIc

&z l)\ =\tr
oc t

a t )\.-\
$

./^

+
n

a-6
Y

3 *5^
L-t

t3

\
A

rl
s *e;

(j

vl

L-

An- A

%
5y

3 +5
Y

<\- 
^r.l

&,5(,ct1 f.i"r'irtaBJJeJu.'We
ivtf]

'v.
:LI

-k

q

\-\

Y

t4t

!,,

)

)

.L1

-4',
L\

\
,|

*a{,

G tx\ Ju (I- j ?Lr)
3

\2, t-



? L)\ =o '=l)

fu v )-=- L

\i .-.1

q
6

6 *Ls
:6 MX;Q

4 =6 f u* vv \
v e /:jL

L, l
vl e

3

1L"I-LI'. --) A_
(cr+ 5tr=o '-) @

Xr=4 ^t, * l --.)

(g - ).tr\X )X= D
IAr' -.U :(\ I

c

'}

rJ

)t

r4

b

0

o
o=[ ri =il

8y @-o:

C=(v,,vo,V3\ eL

"st),,\= {vt} "^-J

rl},).1 f *rt 3 j
\

)

\

U

4

a

lo
=[lx=r 1\I

(
.,
{} )

*A

€,r vr *t
3 I )

\

At{ U

9
4
o

"4

-4

?b?

t3 =V3

U

U

{.

.D
o

)

ftE

../t

#w,\

$i 
vo) .

.{
t

A
^t

\
"fl(*,

,\

\,

j5

\ : {'e, r{ rL- Lr t--t3\: d t*'t -

U c, 'r$tu')Ll 4{ ,rrtv, } *5 v,

3 ; qt, -ffrrJt,
:/ y-

_5 vl o3 vr +

{tvg ' 6't t
69 flv, tY^ JY,:

5Vt +r+V, *.Vl
V

V

\

t

t =

o
o

A

o0A

? = tv,vr\\ =

Bl s\ r{ (,yohft, 7

' vrvrtt\

; ffi;-tx
N,

t^/ lL,
a.L

.3

c

A

4
a

6

A

/

--t)

,!

J

\
a
J

o{u

I fn {r'r, tr\.

3
,Q)

L1
,r4

\A/ e Ar*
VSt

bBp
L-

r A/; nA

At yv *Ir\
f
\/+

+ t{l Ln/ -,- ts
{--= €.- . lt C

aL"- <

3

L. W
e-

L-' L"f5----c\-;)

.L
*"

o

t\
)(

{
t

I

t

r



ubp
(--w.'l r\.}{.- x

t
3"

Lh/ utL.=e-[Q*ffi/r
Bx :-g X t c\ \

(i;)(tr), X.r\\J

\

\)

L
e

X

\I

Lrs

i
eil

(-&-J

al-, t /c = e(T
t

ow
-\L ,3

c>

*
Ll-/

,-l

5

I
L.*+htvy N: (-

I
c

OO
"\o

oA

1
I

4

a

t

\
)

i
t

\

4
+ L

-r{

o

$

tr-

O

--tL
o

;,

ql*bt

,LY,= C
\4 - .rVl,/ \_

L
\= ('
0

{rk J,.5'vv\^

4 + Ll+

-ulv o 4 d qt-
L !--6 kL 4e

[r-

t-l

_l't
t t+tt{'\ c,

trf - [ VL \ ., *- 
cr-'r

+4{-tI
G+-e lf)31

-+ r,,t -\k) tl)

A,*"J

tak C

rl

) 1

N<- **''c A 'M ';W'
(;.,1 , tArv^ )v^ I i="'

rnn -4,ur \kd.Ux''4 A ) Q, L>\. A{

*o{ " 
f'rr't'4 n^"J ) a .=) -,lA *z

t"^.1

{\ )vn rn )'.rn M r

**J o.1". "{ A

fav Thru,
J

lT

{1do)

f{$:A

G

1\l-."

B


