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n
2. Write Rolle’s theorem and applying it on the function z — sin z in the interval [0, 7].

1. Using the definition of limit, verify that nlg& 1+

3. Write the Intermediate value theorem.

Exercise 1 : (05,5 Pt)
(U,) numerical sequence defined by

Uy =1,
Uyn= V65T, VneN.
1. By induction, show that Vn € N : U,, €]0,10].

2. By induction, show that (U,,) is increasing.

3. Deduce that (U,) is convergent and find its limit.

Exercise 2 : (04,5 Pt)
f real function defined by

In(x)

1+ if x>1.

{COSQ(WJL‘) it x<1

1. Find the definition domain of f.
2. Study the continuity and the differentiability of f on their domain of definition.

Exercise 3 (05 Pt) :
Let f real function defined on | — 2, 400 by the following relation :

f(z) = —z + In(z + 2)

Prove that the equation f(x) = 0 has exactly two solutions ¢; and ¢y such that —2 < ¢; < 0 < ¢s.



0.1 Solution

Course questions
1. We have

lim u, =l Ve>0,IN e NNVn e N(n > N) : |u, — | <e. (0.5Pt)

n—o0

So|1+ﬂ—1|:l<e, whenn>N:[1] (01 Pt)
n n €
. Theorem 1 Rolle’s theorem. If f is continuous on a closed interval [a,b], and diffe-
rentiable on the open interval |a,b|, and f(a) = f(b), then there exists ¢ €|a,b| such that
f'(e)=0. (01 Pt)
Application : sin is continuous on [0, 7], differentiable on |0, 7[ and sin(0) = sin(7) =
0, then according to the Rolle’s theorem there exists ¢ €]0, 7[ such that

cosc=0&c= g (01Pt)

. Theorem 2 Intermediate value theorem : If the function [ is continuous in the
bounded and closed [a,b] interval, then every value y between f(a) and f(b) is attained
c in [a,b], such that y = f(c) (1.5 Pt)

In logical symbolism this theorem has the following expression :

f €C(la, b)), and f(a).f(b) < 0= Jc €]a, b, such that f(c) = 0.

Exercise 1 :
1. Forn =0,Uy =1 €]0,10[. true. We suppose that U, €]0,10[i.e0 < U, < 10. (0.5 Pt)

So
6<U,+6<16=+6<+/6+U, <4, (0.5Pt)

then
0<V6 < Uy <4<10, hence: U,y €]0,10[. (0.5P1)

. By induction we must prove that (U,) is increasing Vn € N : U,, < U, 41
Forn=0,Uy=1, U =v6+1=+7 s0Uy <U;. (01Pt)
We suppose that

UnSUn+1:>6+Un§6+Un+1:>\/6+Un§\/6+Un+1:>Un+1§Un+2

then (U,) is increasing. (01 Pt)

. (U,) is increasing and majorante (bounded from above) then (U,) is convergent. (0.5
Pt) let [ its limit, [ verify the equation

I=V6+1leP?—-1—-6=0<1=—20rl=3(0.5+0.5Pt)

[>0,VYneN:U, >0, thenl=3. (0.5Pt)

Exercise 2 : The domain of definition is D =R (0.5 Pt)
1. The continuity of f on R

— On | — 00, 1], f is continuous (product two continuous functions.) (0.25 Pt)
— On |1, +o0], f is continuous (sum and fractions two continuous functions). (0.25 Pt)



— The continuity at o = 1

lim f(r) = lim cos®(rx) = (=1)*> =1 = f(1); (0.5Pt)

z—1— rx—1—

and
Inz

lim f(x) = lim f(z) = f(1);

r—1— z—1+

from which f is continuous on R. (0.5 Pt)

2. The differentiability of f on R
— On | — o0, 1], f is differentiable (product two differentiable functions.) (0.25 Pt)
— On |1, 4+o00], f is differentiable (sum and fractions two differentiable functions).(0.25

Pt)
— The differentiability of f at o =1
— f(1 2 —1 —2msi
i LW =)y o) =1, Z2rsin(ra) cos(me) o 75y
z—1- r—1 z—1- x—1 z—1- 1
1ty
— f(1 . 1 1

TG R €0 B S A LA S S I 91
et x—1 et x—1 et (e —1) a1t (20— 1)

Then f is not differentiable on R
Exercise 4 : ] .
—1—-u
Note that f'(z) = —1 = . th "z) =0 2=-1 (0.5Pt
ote that f/(a) = —1+ —— = ——C_then f'(z) v (0.5 Pt)

So, on | — 2, —1], the function f is strictly increasing (0.5 Pt)
on [—1,400], the function f is strictly decreasing (0.5 Pt)
on the other hand, we have

lim f(z) =—ococand lim f(z)= lim —I[M

T——2 T—>+00 T—+400 —x

+1]=—00 (0.25+ 0.25P¢)

Thus

1. On | —2,—1], we have
— f is continuous  (0,25)
— (lim f(2).f(-1) = 00 (05 PY)
— f is strictly increasing.
Then, according to the intermediate value theorem Jle; €] — 2, —1] (0.5 Pt)
2. on [—1,0], since f(—1) = 1 and f(0) = In(2) > 0 then the equation f(z) = 0 has not
solution (0.5 Pt)

3. On [0, 4o0[, we have
— f is continuous  (0,25)
— f(0).( lim f(z))=—-0c0<0 (0.5)

r—=400
— f is strictly decreasing

Then, according to the intermediate value theorem Jley € [0, 400 (0.5 Pt)



