Chapter 6

Tutorial Sessions

6.1 Tutorial 1

Exercise 1 Let (L,IO, (Ya)aero s (Va)gep s N ) be a Lukasiewicz multivalent algebra

with involution L:

Show that the following conditions are equivalent for an element x of L:

(i) = € C(L);
(ii) Jy € L, 3i € I° such that = = p;(y);
(iii) 3 € I° such that z = @;(x);
(iv) Vi € I° x = @;(x);
(iv) Vi, j € I° pi(z) = p;(z).
Exercise 2 Show that any involutive multivalent Lukasiewicz algebra is a Kleene algebra,

i.e.,

rANNx<yV Ny, (Ve,y € L)

Exercise 3 Let o(E) be the set of fuzzy subsets of a finite set £ = {z,y} with J =
{0, 5,1}

1. Provide WE)

P

2. Draw the Hasse diagram of (p(FE), C).
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3. Show that (p(E), C. I (Na)eso o (N8 pesi s 1 C’) is an involutive trivalent Lukasiewicz

algebra.

4. Let (L, I° (¢a) pero s Wa) gerr s N ) be an involutive multivalent Lukasiewicz al-

gebra. Show that it can be embedded in an algebra of fuzzy subsets.

6.2 Tutorial 2

Exercise
A- We know that an algebra (L, —, N, 1) of type (2,1,0) is equivalent to a Lukasiewicz
trivalent algebra (L, A,V, N,0, 1, i) via the transformations

(LW)z -y = (uNzVy) A (uNyVzx)=[(uNz Ay)V Nz Vy] and

(WL1) zVy=(z—y) —v,

(WL2) Ay= N(NxzV Ny),

(WL3) pux = Nx — z,

(WL4) NO =1,

if and only if

(W1) z — (y —» z) =1,

(W2) (z—=y) = ((y—2) = (x—=2)=1
(W3) ((r — Nz) = x) - x =1,

(W4) (Nx — Ny) — (y — x) =1,

(W5) l sz=1=x=1,

(W6) rt wy=1landy »z=1=x=y.

1. Show that the relation defined on L by # < y if and only if z — y = 1 is a partial

order on L.

2. Show that if z <y, theny — 2 <2 — 2.

6.2. Tutorial 2
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3. Show that (x - Nz) - x =z, and Nz <z — v.
4. Show that NNz =x, and Ny > Nx =x — vy
5. Show that r <y = Ny< Nrxand 1l sz ==
6. Show that r <z Vyandz <y & xVy=y.

7. Show that + — (y — 2) =y — (x — 2).
B- Let (L, I°, (Va)gero s (Va)pep s N ) be an involutive multivalent Lukasiewicz algebra.
1. Show that any involutive multivalent Lukasiewicz algebra is a Kleene algebra,
ie, t ANz <yV Ny, (Vz,y € L)

2. Now, suppose that L = {1,2,...,p — 1}.

Show that N (i) =p—i, for alli € L.

6.3 Tutorial 3

Exercise 1

Definition: Let GG be a group. A fuzzy subset A of the group G is called a fuzzy
subgroup of G if:
i pa(zy) = min{pa(z), pa(y)} for all z,y € G;
ii. g (x71) = pa(z) for all z € G.

Definition: Let G be a group, e denote the identity element of the group G. A
fuzzy subset A of the group G is called a fuzzy subgroup of G if:
i pa(zy™) > min{pa(z), ua(y)} for all z,y € G;
ii. pa(e) = 1.

1. Show that a fuzzy subset A of the group G is a fuzzy subgroup of G if and only
if: pa(zy™t) > min{pa(x), pa(y)} for all z,y € G.

2. Let A be a fuzzy subgroup of the group G and x an element of G then:

pa(zy) = pa(y) for all y € G if and only if pa(x) = pa(e).

6.3. Tutorial 3
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Exercise 2

Let (G,.) be a group, i.e., a set equipped with a binary operation denoted by dot,
which is associative, has an identity element denoted by 1, and such that for every
x in G, there exists an inverse x’ satisfying x.o’ = 2’.x = 1. A subgroup is a subset
of G stable under the inverse and the binary operation. Show that if A is a fuzzy

subset of GG, then the following are equivalent:
Vo € GuA(z') > nA(x)

& Vr,y € Gpa(ry’) > min (pa(x), pa(y))
& Va € [0,1], A, is a subgroup of G.

Then we say that A is a fuzzy group in G.

6.4 Tutorial 4

Exercise 1

Let X = [0,1] with o, 8 € R and let a,b € R. Define the fuzzy set A on X as

follows:
4

0, fr<a—aorb+p<uz
1, ifa<z<b

l+2—aa, ifa—a<zr<a

| 1-b—Br, ifb<z<b+p

Determine Ker(A), Supp(A) and H(A).
Exercise 2

1. Determine their union and intersection.
2. Give the complement of A,

3. Draw the diagrams of the union, intersection, and complement of A;.

Exercise 3

6.4. Tutorial 4
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Let X ={1,2,3,...,10} and A a fuzzy subset of X given by:
A={<1,02><205><308><41.0><507><6,03> <
7,0.0 >,<8,0.0 >,<9,0.0 >,<10,0.0 >}

Determine all a-cuts of A.

Exercise 4

. Tye.y) = 0,(z,y) €[0,1

min(x,y) otherwise.

2. T\(z,y) = max(x +y — 1,0).
3. Tis(x,y) =2 —x — zyy + xy.
4. Ty(x,y) = xy.

5. Tos(z,y) = =+ zyy — zv.

6. T3(z,y) = min(z,y).

Show that we have: Ty < T} <T5 < Ty <Ths <T3.

Exercise 5
Let the fuzzy sets A, B, and C' defined on real numbers by the
membership functions pa(z) = xi+1’ g = ﬂ;—I—IO’ Mo = 10%. Determine the member-
ship functions for:
a) AUB, AN B,
b) AUBUC,ANnBNC,

c) AnNC,BUC,

Exercise 6

Show that the two fuzzy sets satisfy the De Morgan’s law.

_ 1
pa(r) = a0y

_ 1
HB = 1+z2

6.4. Tutorial 4
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6.5 Tutorial 5

Exercise 1 Let X be a non-empty set, and R: X? — [0, 1] be a fuzzy relation.

Show that R is an order relation if and only if R, is a crisp order relation, « €]0, 1].

Exercise 2 An involutive Lukasiewicz trivalent algebra
is an algebra (L, A, V, N, 0,1, u) of type (2,2,1,0,0,1) such that
0. (L,A,V,N,0,1) is a De Morgan algebra,
L p(z Ay) = plx) A py),

2. p(xVy) = p(x)V uy),

3. p(x) A Np(x) =0,

5. w(Nu(x)) = Np(z),

6. NuNz < p(z),

7. p(a) = p(x)lep(Nr) = p(Nz) = & =y,

8. u(z) ANz =z A Nz,

9. u(z)V Nz =1,

10. NuNz V (u(z) A pu(Nx)) vV uNze =1,

11. = < pa,

12. ANz <z V Nz,

a. Show that (0) & (8) & (9) = (11).

b. Show that the following axiom systems are equivalent:
S0 = {(0),....(7)}
S1={(0),(1),(4),(5),(8),(10), (11)}
52 ={(0),(1),(8).(9)}

S3 ={(0),(8),(9), (12)}.

6.5. Tutorial 5



Chapter 6. Tutorial Sessions 75

6.6 Final Exam, Algebraic Logic, February 2021

Exercise 1 (10 pts) Let (L, 1, (va)ycio> (Va)aesr -1 N) be a multivalent Lukasiewicz

algebra with involution.

1. Give the formula for N if |I| = 3.

2. Could we find this formula if |I| > 4 (cardinality of I > 4)7

3. Show that if the chain [ is finite, then the involution N is unique.

4. We are in the framework of a L3 algebra (L, A,V,1,0, N, ) (in the sense of
Moisil’s first definition). Show the equivalences.
(a) Nz Vpuxr =1
(b) zVryx=1.

(c) nzVpxr=1.

Exercise 2 (6 pts) Let X be a non-empty set, and R : X% — [0, 1] be a fuzzy relation.

Show that R is an order relation if and only if R, is a crisp order relation for all

a €0, 1].

Exercise 3 (4 pts) Let A, B be fuzzy sets defined on R by membership functions p4(z) =

1

w1211 and pp(r) =

1
x2+1"
Determine the membership functions of each of the following fuzzy sets: AU B, AN

B,ANB,AUB.

6.6.1 Final Exam Correction

Exercise 1 (10 pts)
Let (L, I (¢a)nero » (Va)perr > N ) be a multivalent Lukasiewicz algebra with invo-

lution.

1. If |I| = 3, we are in the case of a trivalent Lukasiewicz algebra, and the involution

N is given by the formula: Nx =nz V (x A yz). — (1.50pts)

6.6. Final Exam, Algebraic Logic, February 2021
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2. If |I] > 4, this question is still open. — (1.00pts)

3. If the chain [ is finite, then the involution N is unique. Indeed, assuming that

|I| = p and we have two decreasing involutions N; and Ns, then:

PNt = Nigpr = Pp1 = iy
ealNi = Nowpo = Ppa = palNy

— (1.50pts)
op-1N1 = Nigw = o1 = o1l

Thus, by Moisil’s determination principle, we obtain N; = Ns.
4. Proof of equivalences:

(a) = (b) Assume that Nz V pxr = 1. We assume that: Nz V puz =1, i.e., (a).
Replace © with Nz, we get: NxV pr = NNz V pNz = 1. This implies
xV~yx=1. So, (a) = (b). — (1.50pts)

(b) = (a) Assume that: 'V vz = 1. By replacing x with Nz in (b), we obtain
Nz VyNx=1= Nz Vpuzx = 1. So, (a) < (b). — (1.5pts)

(b) = (¢) Assume that z V vz = 1. By replacing x with pz in (b) xz Vyx = 1.
Then px V yuxr = 1(yu = puNp = pp == Nu =n). Thus, pz VvV nx = 1.
So, (b) = (c). Finally. — (1.50pts)

(¢) = (b) It suffices to replace z with Na and use the fact that uNx = vz and

x> Yx. — (1.50pts)
Exercise 2 (06 pts)

Let’s assume that R : X x X — [0,1] is an order relation.

x R(z,z) =1, for all x € X, then (z,2) € R,, for all « €]0,1], i.e., R, is reflexive,
for all « €]0,1]. — (1pt)

sx Assume that (z,y) € R,, and (y,x) € R,. Then R(x,y) AR(y,x) > a = x =y,
i.e., R, is antisymmetric. — (1pt)

%%+ Assume that (z,y) € R,. (2, 2) € R,. Then R(x,2) > R(z,y) A R(z, z) > a,

(x,2) € Ry, so R, is transitive. — (1pt)
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Conversely, if R, is an order relation Ya €]0,1]. Let’s show that R is an order

relation.

* Ry is an order relation, so R(z,z) > 1, thus R(z,z) = 1. — (1pt)

xx Let x # y with R(z,y) A R(y, ) = a. Then (z,y) € R, and (y,x) € Ry, and by

antisymmetry of R,, we get a = 0. — (1pt)

xxx Let z,y,2 € X. Set R(z,y) AN R(x,z) = \.

Since R, is transitive, (z,2) € Ry. So R(z,y) A R(z, 2z) < R(z, z). — (1pt)

In conclusion, R is an order relation < R, is an order relation Ya €]0, 1].

Exercise 3 (04 pts)

A is defined on R\{1} and B is defined on R\{0}

We study the sign of d(z) = pazr — pp(x).

d(a:) = :U/A(x) - /’LB(x) = (w_11)2+1 - 9321—1—1 = ((m_l)gi_l)l(m2+1)

We have ((z — 1)+ 1) (22 +1) > 0.

So d(z) has the same sign as 2z — 1, or d(z) > 0, if z > 3.

Alternatively, pa(z) > pp(x) if 2 > . — (0.5pt)

6.6. Final Exam, Algebraic Logic, February 2021
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In conclusion:

tavs(z) = max (ua(z), 15 () { pALD: ST 25
pp(x), siz <3

ans () = min (uae)osn(@) =4 PP TIET L
pa(x), sinon.

HauB
1—pp(x), siz>1

= © = (0,5pt)
1—pa(x), siz <5

= fizrp(T)
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