Fuzzy Sets

Proposed by Ladeh Zadeh in 1965

"Fuzzy sets," Information and Control, vol. 8, pp. 338--353, 71965.
A generalization of set theory that allows partial
membership in a set.

In the fuzzy theory, fuzzy set A of universe X'is defined by function
w4(x) called the membership function of set A

pa(x): X — [0, 1], where py,(x) = 1if xis totally in A;
na(x) = 0if xis notin A;
0 < pu(x) < 1if xis partly in A.
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Membership function for fuzzy set A. IJ'A(X) X— [0' 1]
Definition 1. Let X be a nonempty set. A fuzzy set A in X is

characterized by its membership function
pa: X — [0,1]

and puy(x) is interpreted as the degree of membership of element x in fuzzy
set A for each r € X.

It 1s clear that A 1s completely determined by the set of tuples

A={(z,pa(x))|z € X}
Frequently we will write simply A(x) instead of p4(x). The family of all
fuzzy (sub)sets in X is denoted by F(X). Fuzzy subsets of the real line are
called fuzzy quantities.
If X ={x,...,2,} is a finite set and A is a fuzzy set in X then we often
use the notation

A= ;“1/11?1 +.ooo+ :“n/l‘n



where the term yi;/2;, i = 1,...,nsignifies that y; is the grade of membership
of ; n A and the plus sign represents the union.

Discrete Form of a Fuzzy Set
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Continuous Form of a Fuzzy Set
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Example 1. Suppose we want to define the set of natural numbers "clo.
to 17. This can be expressed by

A=00/-2+03/=1+ 06/0+ 1.0/1 + 0.6/2 + 0.3/3 + 0.0/4.
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Figure 1. A discrete membership function for "x is close to 17.
Example 2 The membership function of the fuzzy set of real numbers

"close to 17, is can be defined as
A(t) = exp(—3(t — 1)%)

where (3 is a positive real number.
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Figure 2 A membership function for "x is close to 17.



Fuzzy sets operations
e Inclusion: Let A, B € F(X). We say that the set A is included in B if

A(r) < B(r),Vx € X
The empty (fuzzy) set 0 is defined as ((z) = 0,¥x € X, and the total set z is
X(z)=1,Vz e X.
Intersection: Let A, B € F(X). The intersection of A and B is the fuzzy set C' with
C(z) = min{A(z), B(x)} = A(x) A B(z),Vz € X

Union: Let A, B € F(X). The union of A and B is the fuzzy set D with

D(x) = max{A(x), B(z)} = A(x) V B(z),Vz € X
Complementation: Let A € F(X) be a fuzzy set. The complement of A is the fuzzy
set B given by
B(z)=1— A(x).¥z € X.
We denote B = A.
Remark The two principles of classical logic (the non contradiction and the excluded
teirs) no longer remains valid in the theory of fuzzv sets i.e. ANA#£D, AUA £ X.

Fuzzy partition

Let A be a crisp set in universal set X and A be a complement set of A. The conditions
A0 and A # X result in couple the (A, A) which decomposes X into 2 subsets.
Definition

(Fuzzy partition) In the same manner, consider a fuzzy set satisfyving A # 0

and A # X. The pair (A, A) is defined as fuzzy partition. Usually, if m subsets are
defined in X, m-tuple (A;. A, As. ..., A,) holding the following conditions is called
a fuzzy partition.



() i, A0
(ii) A;nA; =0 fori#j,

(iii) VeeX, > 7 pa(x)=1

Characteristics of fuzzy subsets

Definition 2 (support) Let A be a fuzzy subset of X; the support of A,

denoted supp(A), is the crisp subset of X whose elements all have nonzero
membership grades in A.

supp(A) ={re X

A(z) > 0}.

Definition 3 (normal fuzzy set) A fuzzy subset A of a classical set X
is called normal if there exists an x € X such that A(x) = 1. Otherwise A is
subnormal.
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The kernel of A is the crisp subset on X given by

Ker(A) = {o € X /pua(x) = 1}



normal sub normal
(Height of fuzzy subset) Let A be a fuzzy set on a set X. The height of A
is the highest value taken by its membership function
H(A) =sup{pa(r)/z € X}
(Cardinality of a fuzzy subset)The cardinality of a finite fuzzy subset A
denoted |A| is defined by

Al =D paz)

zeX
Example Let X ={1,2,...,6}, and A be a fuzzy set of X given by:

A= {{zpa(e))}y = {(1,0.2), (2,0.0), (3,0.8), (4. 1.0). (5,0.5), (6, 1.0)}.

Then supp(A) = {1,3,4,5,6}, Ker(A) = {4,6}, H(A) = {1}, |A| = 3.5.
Proposition

Let A a fuzzy subset of X. The kernel and support of a fuzzy subset
verify the following properties:

supp (A°) = (ker(A))°
ker (A°) = (supp(A))°

Other fuzzy subset operations
A B=(ANB)UANE)
pasp(r) = Max {Min [pta(2), 1 — pp(2)], Min [1 — pa(), ps(2)]}

Example



A= {(2131} 02) s (3’32? 07) s (:133, 1) s (:U4: 0)}
B = {(1131, 05) s (.1"72_.._ 03} s (IU3, 1] s (35’4, 01)}
consequence,

A®B=(ANB)U(ANDB) = {(z1,0.5), (z2,0.7), (23,0), (z4,0.1)}

(Disjoint sum)

panB(z) = |[pa(r) — pp(w)|

(Bounded difference) For novice-operator 6, we define the membership
pragp(z) = Max [0, pia(2) — pup(z)]

Distance in Fuzzy Set

(1) Hamming distance

d(A, B) = Z \1a (2;) — pp (23)]

Example Following A and B for instance,
A={(21,04),(22,0.8), (x3,1),(x4;0)}
B ={(21,0.4),(22,0.3),(23,0), (24;0)}

d(A, B) = [0] +0.5] + [1] +]0] = 1.5

(2) Euclidean distance

e(A, B) = ;J > (pa (i) = pg ()"

i=0
Example Euclidean distance between sets A and B used for the previous Hamming

distance is

e(A, B) = V02 +0.52 +12 + (2



Cartesian product and Projection of fuzzy subsets

Definition
(Cartesian product) The Cartesian product applied to n fuzzy sets can be

defined as follows: Let jia, (). tia, (7)), pta. (). ..., 1ta. () as membership function
of A, Ay, As, ..., A,.. Then, the membership degree of (zy,...,7,) € X; x...x X,
on the fuzzy sets A, x ... x A, is,

HA;x Aax...x A, = Min [NAl (1) ..., a, (in)]

Example Lets X = {oq,20,23},Y = {y1,y2, } and lets Ay, Ay are two fuzzy subsets
respectively defined on X and Y given by : Ay = {{x1,0.1); (@2,0.4); (x3,0.75)},

and Ay = {(y1,0.2); {(y2,0.6)}. So, we find:
Ay xAy = {((11 yl) Dl) ; <($1: yQ) 01> ; ((:172: yl) » 02) ; <(£2: y2) s 04> :

((3.11).0.2) ; {(x3,42),0.6) }



