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Exercise 01: 

In an orthonormal base ሺଙ⃗, ଚ⃗,𝒌ሬሬ⃗ ሻ, we give the scalar function 𝑭ሺ𝑥,𝑦, 𝑧ሻ ൌ 𝟑𝒚𝒙𝟐 െ 𝒚𝟑𝒛𝟐  

1/ Determine the partial derivatives  𝝏𝑭
𝝏𝒙

;  𝝏𝑭
𝝏𝒚

;  𝝏𝑭
𝝏𝒛

 of 𝑭.   

2/ Deduce the gradient of the function 𝑭ሺ𝑥,𝑦, 𝑧ሻ ൫𝜵ሬሬ⃗ 𝑭൯ at the point 𝑷ሺ𝟏,െ𝟐,െ𝟏ሻ.   

3°/ Determine the normal to the surface  𝑭ሺ𝑥,𝑦, 𝑧ሻ ൌ 𝟎 at the point 𝑸ሺ𝟏,𝟏,𝟏ሻ. 

4°/ Determine the directional derivative at the point 𝑸ሺ𝟏,𝟏,𝟏ሻ in the direction 𝒖ሬሬ⃗ ൌ ଙ⃗ െ ଚ⃗ െ 𝒌ሬሬ⃗ . 

Exercise 02: 

Let the vector function 𝑮ሬሬ⃗ ሺ𝑥,𝑦, 𝑧ሻ ൌ 𝒙𝒚𝒛 ଙ⃗ ൅ 𝟑𝒙𝟐𝒚 ଚ⃗ ൅ ሺ𝒙𝒛𝟐 െ 𝒚𝟐𝒛ሻ 𝒌ሬሬ⃗  

1/ Calculate the divergence of the function 𝑮ሬሬ⃗ ሺ𝑥,𝑦, 𝑧ሻ ൫𝜵ሬሬ⃗ ∘ 𝑮ሬሬ⃗ ൯at the point 𝑷ሺ𝟐,െ𝟏,𝟏ሻ.   

2°/ Calculate the rotational of the function 𝑮ሬሬ⃗ ሺ𝑥, 𝑦, 𝑧ሻ ൫𝜵ሬሬ⃗ ∧ 𝑮ሬሬ⃗ ൯ at the point 𝑷ሺ𝟐,െ𝟏,𝟏ሻ.   

3°/ Give the value of  " 𝒂 " so that the vector function 𝑨ሬሬ⃗ ൌ ሺ𝟐𝒙 െ 𝒚ሻଙ⃗ ൅ ሺ𝒛 ൅ 𝒚ሻଚ⃗ ൅ ሺ𝟏 െ 𝒂ሻ𝒛𝒌ሬሬ⃗   will be 

solenoidal field. 

4/ What are the values ሺ𝒂,𝒃, 𝒄ሻ for the vector field 𝑩ሬሬ⃗  to be irrotational 

We give: 𝑩ሬሬ⃗ ൌ ሺ𝟐𝒛 ൅ 𝒂𝒚ሻ ଙ⃗ ൅ ሺ𝒙 െ 𝒃𝒛ሻ ଚ⃗ ൅ ሺ𝒚 ൅ 𝒄𝒙ሻ 𝒌ሬሬ⃗    

 

Exercise 03:  

Let the vector function 𝒓ሬ⃗ ሺ𝑥,𝑦, 𝑧ሻ ൌ 𝒙 ଙ⃗ ൅ 𝒚 ଚ⃗ ൅ 𝒛 𝒌ሬሬ⃗ , which is the vector position  

1/ Show that 𝜵ሬሬ⃗ ሺ𝒓ሻ ൌ 𝒓ሬ⃗

𝒓
ൌ 𝒖ሬሬ⃗ 𝒓 (𝒖ሬሬ⃗ 𝒓 is the unit vector of 𝒓ሬ⃗ ). 

2°/ Show that  𝜵ሬሬ⃗ ሺ𝒓𝒏ሻ ൌ 𝒏. 𝒓ሺ𝒏ି𝟐ሻ𝒓ሬ⃗ . From this, deduce the gradient of  𝟏
𝒓
 . 

3°/ Show that 𝜵ሬሬ⃗ ∧ ቀ𝑨
ሬሬ⃗ ∧𝒓ሬ⃗

𝒓𝒏
ቁ ൌ 𝟐ି𝒏

𝒓𝒏
𝑨ሬሬ⃗ ൅ 𝒏

𝒓ሺ𝒏శ𝟐ሻ
൫𝑨ሬሬ⃗ ∘ 𝒓ሬ⃗ ൯ 𝒓ሬ⃗ . With 𝑨ሬሬ⃗  is a constant vector. 
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Exercise 04: (Additional) 

1°/ Check STOKES's theorem for the vector field 𝑨ሬሬ⃗  for the area  

of the triangle in Figure 5.1.: 𝑨ሬሬ⃗ ൌ 𝒙𝒚 ଙ⃗ ൅ 𝟐𝒚𝒛 ଚ ሬሬ⃗ ൅ 𝟑𝒙𝒛 𝒌 ሬሬሬ⃗  

   2°/ Check GAUSS's theorem the vector field  𝑩ሬሬ⃗  for the northern hemisphere of the sphere  

of radius 𝑹 delimited by the equatorial plane. (Figure 5.2) 

     𝑩ሬሬ⃗ ൌ 𝒓. 𝒄𝒐𝒔ሺ𝜽ሻ𝒖ሬሬ⃗ 𝒓 ൅ 𝒓. 𝒔𝒊𝒏ሺ𝜽ሻ𝒖ሬሬ⃗ 𝜽 ൅ 𝒓. 𝒔𝒊𝒏ሺ𝜽ሻ. 𝒄𝒐𝒔ሺ𝝋ሻ𝒖ሬሬ⃗ 𝝋 

(We give: 𝛻 ∘ 𝑨ሬሬ⃗ ൌ 𝟏

𝒓𝟐
.
𝝏൫𝒓𝟐𝑨𝒓൯

𝝏𝒓
𝒖ሬሬ⃗ 𝒓 ൅

𝟏

𝒓 𝒔𝒊𝒏𝜽
. 𝝏
ሺ𝒔𝒊𝒏𝜽𝑨𝜽ሻ

𝝏𝜽
𝒖ሬሬ⃗ 𝜽 ൅

𝟏

𝒓 𝒔𝒊𝒏𝜽

𝝏𝑨𝝋
𝝏𝝋

𝒖ሬሬ⃗ 𝝋) 

Exercise 05: (Additional) 

Bearing in mind that ቊ
𝒅𝒊𝒗ሺ𝒂ሬሬ⃗ 𝒇ሻ ൌ 𝒇𝒅𝒊𝒗ሺ𝒂ሬሬ⃗ ሻ ൅ 𝒂ሬሬ⃗ ∘ 𝒈𝒓𝒂𝒅ሬሬሬሬሬሬሬሬሬሬሬ⃗ ሺ𝒇ሻ ൌ 𝜵 ∘ ሺ𝒂ሬሬ⃗ 𝒇ሺ𝒓ሻሻ ൌ 𝒇𝜵 ∘ 𝒂ሬሬ⃗ ൅ 𝒂ሬሬ⃗ ∘ 𝜵𝒇

𝒓𝒐𝒕ሬሬሬሬሬሬ⃗ ሺ𝒂ሬሬ⃗ 𝒇ሻ ൌ 𝒇𝒓𝒐𝒕ሬሬሬሬሬሬ⃗ ሺ𝒂ሬሬ⃗ ሻ ൅ 𝒂ሬሬ⃗ ⋀𝒈𝒓𝒂𝒅ሬሬሬሬሬሬሬሬሬሬሬ⃗ ሺ𝒇ሻ ൌ 𝜵⋀൫𝒂ሬሬ⃗ 𝒇ሺ𝒓ሻ൯ ൌ 𝒇𝜵⋀𝒂ሬሬ⃗ ൅ 𝒂ሬሬ⃗ ⋀𝜵𝒇   
 

1°- Show that 𝜵⋀൫𝒓ሬ⃗ 𝒇ሺ𝒓ሻ൯ ൌ 𝟎 

2°- Show the following equalities: (𝒓𝒐𝒕ሬሬሬሬሬሬ⃗ ≡ 𝜵ሬሬ⃗ ∧; 𝒈𝒓𝒂𝒅ሬሬሬሬሬሬሬሬሬሬሬ⃗ ≡ 𝜵ሬሬ⃗ ; 𝒅𝒊𝒗 ≡ 𝜵ሬሬ⃗ ∘;  ∆≡ 𝜵ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ) 

- 𝒓𝒐𝒕ሬሬሬሬሬሬ⃗ ൫𝒈𝒓𝒂𝒅ሬሬሬሬሬሬሬሬሬሬሬ⃗ ൯ ൌ 𝟎 ;       𝒅𝒊𝒗൫𝒈𝒓𝒂𝒅ሬሬሬሬሬሬሬሬሬሬሬ⃗ ൯ ൌ ∆ ;         𝒅𝒊𝒗൫𝒓𝒐𝒕ሬሬሬሬሬሬ⃗ ൯ ൌ 𝟎 

- 𝜵ሬሬ⃗ ∧ ൫𝜵ሬሬ⃗ ∧ 𝑨ሬሬ⃗ ൯ ൌ 𝜵ሬሬ⃗ ൫𝜵ሬሬ⃗ ∘ 𝑨ሬሬ⃗ ൯ െ ∆𝑨ሬሬ⃗  ,     𝜵ሬሬ⃗ ∘ ൫𝑨ሬሬ⃗ ∧ 𝑩ሬሬ⃗ ൯ ൌ 𝑩ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ∧ 𝑨ሬሬ⃗ െ 𝑨ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ∧ 𝑩ሬሬ⃗  ,      𝜵ሬሬ⃗ ሺ𝑼𝑽ሻ ൌ 𝑽𝜵ሬሬ⃗ 𝑼 ൅ 𝑼𝜵ሬሬ⃗ 𝑽 

- 𝜵ሬሬ⃗ ൫𝑨ሬሬ⃗ ∘ 𝑩ሬሬ⃗ ൯ ൌ 𝑨ሬሬ⃗ ∧ ൫𝜵ሬሬ⃗ ∧ 𝑩ሬሬ⃗ ൯ ൅ 𝑩ሬሬ⃗ ∧ ൫𝜵ሬሬ⃗ ∧ 𝑨ሬሬ⃗ ൯ ൅ ൫𝑩ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ൯𝑨ሬሬ⃗ ൅ ൫𝑨ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ൯𝑩ሬሬ⃗  

- 𝜵ሬሬ⃗ ∧ ൫𝑨ሬሬ⃗ ∧ 𝑩ሬሬ⃗ ൯ ൌ 𝑨ሬሬ⃗ ൫𝜵ሬሬ⃗ ∘ 𝑩ሬሬ⃗ ൯ െ ൫𝑨ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ൯𝑩ሬሬ⃗ ൅ 𝑩ሬሬ⃗ ൫𝜵ሬሬ⃗ ∘ 𝑨ሬሬ⃗ ൯ െ ൫𝑩ሬሬ⃗ ∘ 𝜵ሬሬ⃗ ൯𝑨ሬሬ⃗  

Exercise 06 :	(MD)	 

 Let the function 𝒇ሺ𝒙,𝒚ሻ ൌ 𝒙𝒚,  

1°- Calculate the surface integral in the domain  𝒙 ൌ 𝟎,𝒙 ൌ 𝒂  and  𝒚 ൌ 𝟎,𝒚 ൌ 𝒙. 

 If 𝒇ሺ𝒙,𝒚ሻ ൌ 𝟏,   

2°- Calculate its integral on the surface of a sphere of radius " 𝑹 " 

3°- Calculate its integral on the volume of a sphere of radius " 𝑹 " 

 

 Given the vector 𝑨ሬሬ⃗ ൌ 𝒂𝒓ሬ⃗  of spherical symmetry.              

1/ What is its flow through a sphere of radius ′𝑹 ′ ? (Use GAUSS's theorem).  

2°/ What is the path (curvilinear) integral along a circular curve of equation 𝒙𝟐 ൅ 𝒚𝟐 ൌ 𝒂𝟐 ; 𝒛 ൌ 𝟎 

     if the field is a function 𝑨ሬሬ⃗ ሺ𝑥, 𝑦, 𝑧ሻ ൌ 𝒔𝒊𝒏ሺ𝒚ሻଙ⃗ ൅ 𝒙൫𝟏 ൅ 𝒄𝒐𝒔ሺ𝒚ሻ൯ଚ⃗. 

    (Use STOKES's theorem). 

- 

y 2

2 

x 
Fig. 5.1 

Fig. 5.2 


