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| Matrices

1. Introduction to Matrix

Matrices hold a pivotal position in the realm of linear algebra, serving as versatile
mathematical entities. The term matrix was proposed by Sylvester in his 1850 article’s in

the Philosophical Magazine. See Muir+. Beyond their fundamental role in representing
systems of linear equations, matrices also serve as adept representations of linear
functions, commonly referred to as linear mappings. This chapter aims to delve into the
multifaceted world of matrices, providing insights into various types of matrices,
elucidating operations performed on them, and exploring the concept of matrix inverses.
By the end of this exploration, readers will gain a comprehensive understanding of how
matrices intricately weave through the fabric of linear algebra, offering indispensable tools
for mathematical analysis and problem-solving.

2. Specific Objectives

The goal of this chapteristo:

1. Recall different types of matrices (e.g., square matrices, symmmetric matrices, identity
matrices).

2. Explain the concept of matrix addition and subtraction.
3. Solve systems of linear equations using a matrix method.

4. Analyze the properties of the inverse matrix imethod.




Matrices

3. General

In this section, we delve into different types of matrices, which quotes from this book3+, to
enhance your understanding see”.

Matrix
Let m,n € N, a real-valued (m,n) matrix A is an m X n-tuple of elements a;; € R, where
1=1,...,m and j=1,...,n, which is ordered according to a rectangular scheme

consisting of m rows and n columns:

a1 a19 e A1y
Q921 99 e a9y,
A=
_aml A2 e amn_

Also, can be written A € R™*™. By convention (1,n)-matrices are called rows and (m, 1)-
matrices are called columns. These special matrices are also called row/column vectors.

OExample : Matrix
A c R4><5

N = W N
=N O W
W O = =
N B~ O© W
W = Ot

Square matrix

A square matrix is a matrix where the number of rows (m) is equal to the number of
columns (n), often denoted as m = n. It is represented as follows:

(a1 aip ... a1,
91 (05%) “e Ao,
A=
| A1 Gp2 Apn
In this matrix A € R™*"™.
OExample : Square matrix
Square matrix, A € R4
2 3 1 3
3 9 4 9
A=
4 2 0 4
2 1 3 2

2. https://www.geeksforgeeks.org/types-of-matrices/
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Matrices

Lower triangular matrix

Let A is square matrix, we can say A lower triangular matrix if

-(1,11 0 ‘e 0 )
a91 99 ‘e 0
A=
0
_a,nl an?2 . e ann_

In this matrix A € R™*",

OExample : Lower triangular matrix

Lower triangular matrix, A € R4X4,

DN = W DN
= N O O
w = O O
N O O O

Upper triangular matrix

Let A is square matrix, we can say A upper triangular matrix if

ail a2 ... Qlp
0 a2 e aon
A=
| 0 0 ... aum]

OExample : Upper triangular matrix

Upper triangular matrix, A € R4X4,

S O O N
o O © =
O = O W
N © J Ot

Diagonal matrix

Let A is square matrix, we can say A is diagonal matrix if

-(1,11 0 N 0 i
0 99 0
A=
| 0 0 A,

In this matrix A € R™*".
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OExample : Diagonal matrix

Diagonal matrix, A € R4,

o O © O
o = O O
N © O O

oS O O N

Identity matrix

The identity matrix [, of size n is the n—by—n matrix in which all the elements on the
main diagonal are equal to 1 and all other elements are equal to 0, for example,

0
1 0
1 0
I, =11|, I, = I, =
1[]72[01]a7n :
0 0 1]

Transpose matrix

The transpose of a matrix A, denoted as AT or A’, is obtained by interchanging its rows
and columns. In other words, if A is an m x n matrix, then its transpose ATisannxm
matrix, and the elements of AT are defined as:

aiy 91 .o Am1
. T a2 99 .o A2 T
A:A = . X . . ,OI'(A )ij:aﬁ.
_aln Qo .o amn_

wherel <1 <nmandl1<j3<m.

OExample : Transpose matrix

Transpose matrix, A € R>*4,

2 7 8 1
A=14 9 3 7
1 4 1 2
The transpose of matrix A:
2 4 1
AT _ 7 9 4
8 3 1|
L7 2
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Square matrix

A square matrix A is symmetric if and only if A = A7,
3 1 4 3 1 4
A=1{1 5 2f, AT=1|1 5 2|.
4 2 6 4 2 6
To gain a more comprehensive insight, consider watching this video?®.

4. Quiz : Section test olution e 16]

Let A = a;; is a square matrix
e Ifi <jori>jthenAis
e Ifi =jthenAis
e Ifa;; = 0fori > j,then Ais
e Ifa;; =0fori < j,then Ais

o |If aij = Cl,jI ) then A is

5. Operations on matrices

In this section, we defined matrix multiplication and matrix addition®. Also,we look at some
properties of matrices.

5.1. Addition of matrices

Sum
The sum of two matrices A € R™*"™ and B € R™*" is defined as the elementwise sum, i.e.,

a1 +bi1 ... ain+bi
A+ B:= ; . : e R™"
am1 +b0m1 oo Qun + b
OExample
Let A € R?*? and B € R?*2 defined as
o |f

3 -2 0 5 3+0 —2+5 2113 3
A= and B = then A+ B = + + = By = .
1 7 2 -1 1+2 7-1 8/(3 6

2
e However, if By = [8] ,then A + By is not defined.

s.video - https://www.youtube.com/watch?v=Kbv7rwesUBo
4+ https://www.youtube.com/watch?v=ilFJYjfKYjk&list=PLROOIV7hGpZjm4FMV3xYcSKmFcEILudLH


https://www.youtube.com/watch?v=Kbv7rw6sUBo
https://www.youtube.com/watch?v=ilFJYjfKYjk&list=PLROOIV7hGpZjm4FMV3xYcSKmFcElLudLH

Matrices

The product of a matrix A of size M, ,(K) by a scalar A € K is the matrix formed by
multiplying each coefficient of A by A. It is denoted as A - A (or simply AA).

')\au )\alz e )\alm_
)\a21 )\azz e )\azm
A =
_Aa,n]_ )\a/n2 e )\anm_

QNote

The matrix (—1)A is the negation of A and is denoted as —A. The difference A — B is
defined as A + (—B).

Properties

Let A, B, and C be three matrices belonging to M, ,(K). Let A € K and p € K be two
scalars.

e A+ B = B+ A:Addition is commutative.

A+ (B+C) = (A+ B) + C : Addition is associative.

A 4+ 0 = A: The zero matrix is the additive identity.

(A + p)A = AA + pA: Scalar addition distributes over matrix addition.

A(A + B) = AA + AB: Scalar multiplication distributes over matrix addition.
(A+ B)T = AT + BT,

5.2. Multiplication of matrices

Here, we will call this the dot product of the corresponding row and column. In cases,
where we need to be explicit that we are performing multiplication, we use the notation
A. B to denote multiplication (explicitly showing". ").

Ixm Ixn

If Ais a matrix in R , and B is a matrix in R™*" | then the product matrix C' inR
matrix, and it is defined as:C' = A - B, where each element of C'is given by:

ci1 €2 ... Cin
Cyp Co2 ... Cop n
C = ) ) o, cij= air *bgjfor1 <i<Tand1<j<n
. . . : P
_le Cro N cIn_

The fundamental matrix operation is multiplication of a m X n matrix A with a column
vector of length n to yield a column vector of length m. Here is the allimportant formula:

[a,, @ 53 «--. G Clp € v B woeie gy
Gy Gy 4y .. ay|[by bz ... by ... by, €31 C€p < G .. C
@ @ 0 s Wkl | B3 B cwn 0BG s . oo B

by ey som By 3 0 ¢ B | | B B me & MB v 1€

@y Ay Oy 2w d Y

i2 i3 irt

h‘ b .« h. b .

nl L R np Cmi mZ. s ow mi o NEmp

. a

L4, mn=

nrl 3

“rlb\,- -+ n,:h:r + “.-.{'F’é; + .. 4 :;”I,h” =iy
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OExample

Let's consider two matrices, A and B, and their product C.

A:121,B
3 40

I

— |
=~ o
® o
—_—1

The product matrix C'is calculated as follows:

1x54+2xT7T+1x2 1><6+2><8+1><1]_[21 23]

C=A-B=
3X54+4x7T+0x2 3x6+4x8+0x1 43 50

Remark
e If Ais an n X p matrix, then A-I, =AandI,- A=A, where I, and Ipare the
identity matrices of size n X nand p X p, respectively.

e The product of two matrices is generally not commmutative. If A and B are n x n

matrices, A- B # B - A.
Properties
Let A € R™P B ¢ RP*Y and C € R?7*® be three matrices that satisfy the following:
« A(BC) = (AB)C.
A(B+C)=AB+ AC.
(A+ B)C = AC + BC.
Ifn =p =g wehave (A+ B)? = A2 + B> + AB + BA.
(AB)T = BT AT,

[solution n°2 p.16]

6. Quiz : Section test

Let A € R™™ and B e RP*? give us the relation between n,m and p,q to do these
operations:

e Addition

e Multiplication

7. Determinant of a square matrix

The determinant is a special number that can be calculated from a matrix®. The matrix
has to be square (same number of rows and columns) . The determinant of a square
matrix A € R"" is denoted as det(A), and it is defined as follows:

a1y a19 .o Aip

91 a99 ‘e QAo
det(A) =

a/nl a/n2 PSP ann

s.Determinant of a matrix - https://www.mathsisfun.com/algebra/matrix-determinant.html
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Matrices

7.1. Determinant of a matrix with n = 2

Let A isa matrix in R?*? | 4 = (a Z>7

Cc

det(4) = |© | = ad — cb.

then

Let us take an example to understand this very clearly,

2

2
o IfA= ( 5),theh det(A) = ‘
3 7 3

5
=2Xx7—-—3x5=-1.
i

7.2. Determinant of a matrix with n = 3

a;ix aiz2 ags
Let A is a matrix in R¥3 A= |ay asn as |, the determinant of the matrix A is
as1 asz Qi3
defined as
a a a a a a
. 1+1 22 23 142 21 23 143 21 22
det(A) = (—].) a1 + (—].) a19 + (—].) ai3
asz as3 as; ass asy as2

Use the formula for a 2 x 2 determinant, then

det(A) = all(azzag3 - a32a23)| - CL12(61216133 - a23a31) + CL1:>,(61216132 - a31a22).

2 4 1
fA=13 2 5], then
1 2 4

det(A) =2(2x4—-2x5)—43x4—-1x5)+1(3x2—-1x2)=-30.

7.3. Determinant of a matrix with n > 3

aii
as1
Let A is a matrix in R¥3 A =
| Anl
defined as
ailr  ais
as1 Qa2
det(A) =
an1 an2
where

10

aio
ag2

an2

CLln-
A2n
,the determinant of the matrix A is
Qnn |
Q1in
Aop n 14
= ) _(=1)"ay;det(Ay),
j=1
ann
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a2 a3 oo a2n a1 a3 oo a2n a1 a2 oo a2n—1

asy as ... asp asi as ... Qasp asi a2 ... Q3p—1
All — ) AlZ — ) ) Aln =

| An2 An2 ... Qnn | | Gnl  Ap3 ... Qpn | Anl An2 ... Qpp—1

Let us see an example to find out the determinant of a m Xn matrix, If

A=

2
3 ) .
1 ,then the sub-matrices defined as
1

N NN
o = Ot =
W B~ W N

2 5 3 3 5 3 3 2 3 3 2 5
A11 =12 4 4 y A12 =11 4 4 3 A13 =11 2 4 and A14 =11 2 4f.
2 8 3 1 8 3 1 2 3 1 2 8

The determinants of the matrices A;q, A1a, A13, and A4 as:
det(Ay1) = 22, det(Ay3) = —59, det(A;3) = —14 and det(A4)=-2.
Substituting the calculated values:
det(A) = 2det(Ay;) — 4det(Ap) + 1det(Ar3) — 2det(Ayy)
=2x22—-4x(=59)+1x(-14) —2x (-2)
=270

So, the determinant of matrix 4 is270.

The following properties quotes from Schwartz book>+.

Properties
Properties of a determinant:
e Determinant of a Scalar Multiple: det(kA) = k" - det(A).
e Determinant of a Product of Matrices: det(AB) = det(A) - det(B).
¢ Determinant of the Transpose: det(AT) = det(A).
e Determinant of a Sum of Matrices: det(A + B) # det(A) + det(B).
e Determinant of a Diagonal Matrix: det(A) = a1 X @gs X ... X Apy.
e Determinant of the Identity Matrix:det(I) = 1.
e Determinant of an Upper Triangular Matrix: det(A) = a11 X a22 X ... X np.

e Determinant of a Lower Triangular Matrix: det(L) = a1 X @ags X ... X py.

n
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8. Quiz : Section test olution = . 16]

Consider a square matrix A with a determinant of zero. What can you conclude about the
matrix A?

O Aisnotinvertible.
O Aisadiagonal matrix.
O A hasallits eigenvalues equal to zero.

O Aisasymmetric matrix.

9. Inverse of Matrix

The inverse of a matrix can only be defined for square matrices if the determinant of that
matrix is non-zero det(A) # 0.

&.Definition

Let A be the matrix belonging to R™*"™ with det(A) # 0, we can say A is invertible matrix if
there exists a matrix B in R"*" such as BA = AB = I,,. We notice A™! = B.

OExample

Let, A, B € R?*?,
2 5 —
A= and B = X o .
1 3 1 2

We need to show that the product of these two matrices is the identity matrix, I. In other
words, we need to demonstrate that:

AB=BA=1

Let's calculate the product AB:
AB — 2 5][3 -5 2x34+5x—-1) (2x-5+5x2)
I ] I S ) 1x34+3x—-1) (I1x-5+3x2)

[
L
(520 =] =

and

BA:l3 _5][2 5]:{(3X2+(—5)x1) (3><5+(—5)><3)]

—1 21 3] |((-1)x2+2x1) ((-1)x5+2x3)

|Gy ole) =l o) =n

Since the product of matrices A and B yields the identity matrix, we can conclude that
A~!' = Basdesired.

12



9.1. Inverse of a matrix with n = 2

a1l a
Let, A = [ 1 12] .with det(A4) # 0, then the inverse of A is defined as
a1 a2
Al 1 lazz —alzl _ 1 lazz —a12]
det(A) a1 an a11a22 — a12a21 (A1  ajg
OExample

Matrices

1
Let's find the inverse of the 2 X 2 matrix A = l

EENES N

. 2] . Therefore, the inverse of matrix A is:

9.2. Inverse of a matrix withn = 3

Let, A =

ai
az1

asi

a2 a3
a2 G23
azz2 a3

with det(A4) # 0,

the cofactor of A denoted by C'4 and defined as

((_1)14_1 a2 a3 (_1)1+2 a1 a23 (_1)1+3 a1 a2 \
as2 ass asy ass asir as2
CA _ (_1)2+1 a2 a3 (_1)2+2 ail a3 (_1)2+3 ail a2
as2 ass asy ass asir as2
(_1)3+1 a2 a3 (_1)3+2 ail a3 (_1)3+3 ail a2
\ a2 as2 a1 @23 a1 a2 /
The inverse matric of A defined as
-(_1)1+1 Qg2 Q23 (_1)2+1 Az2 Q23 (_1)3+1 azy  ag]
azz as3 asz ass3 as2 ass3
1 1 a a a a a a
1 T 149 (@21 23 919|@21 23 34921 23
= Ol = | (D (—1)>* (~1)*
et(4) et(A) asy ass asy ass asy as3
(_1)1+3 Az Q22 (_1)2+3 Az Q22 (_1)3+3 az1 Qa2
| as1 as2 as1 a3 as1  Aas2|
OExample
3 0 2 2 -2 -3
For given matrix A definedas A= (2 0 1]|,the Cofactorof AisCy= 1|3 0 —2{.
1 3 2 1 3 0

Then the adjoint of A is

13
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2 -3 1

ct=1-2 0 3

-3 -2 0

This implis, the inverse of A is
. . 2 -3 1'|
Atl=—cCct==1-2 0 3.
A48

-3 -2 0

10. Quiz : Section test

Let A is matrice defined as
(see mathTex_74.mtex) (cf. p.15)

e Determine the inverse of A.
O (see mathTex_75.mtex) (cf. p.15)

O (see mathTex_76.mtex) (cf. p.15)

14

[solution n°4 p. 17]



Complementary resources

Mathematical equation

1 0 1
A=1|1 2 3.
-1 2 -1
Mathematical equation
2 -1/2 1/2
Al=11/2 0 1/2 |.
-1 1/2 -1/2
Mathematical equation
2 -1 1/2
At=11/2 0 1/2|.
-1 1/2 —-1/2

15



Exercise solutions

[exercice p. 7]

Solution n°1

Let A = a;; is a square matrix
e Ifi <jori>jthen Aisa rectangular matrix.
e Ifi=j,then Aisa square matrix.
e Ifa;; = 0fori > 7, then Aisupper triangular matrix.
e Ifa;; =0fori < j,then Ais Lower triangular matrix.
e Ifa;; = ajr,then Ais Symmetric matrix.

if you didn't give the correct answers you need to come back to study the previous
section.

[exercice p. 9]

Solution n°2

Let A€ R™™ and B e RP*? give us the relation between n,m and p,q to do these
operations:

e Addition
e Multiplication
For addition n=p and m=qg while for multiplication m=q.

Q To enhance your skills in matrix operations, watch this video®

[exercice p.12]

Solution n°3

Consider a square matrix A with a determinant of zero. What can you conclude about the
matrix A?

® Aisnotinvertible.
O Aisadiagonal matrix.
O A hasallits eigenvalues equal to zero.

O A isasymmetric matrix.

Q if you didn't give the correct answers you need to come back to study the previous
section.

6. https://www.youtube.com/watch?v=p48uw2vFWQs
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Exercise solutions

SOIution n°4 [exercice p. 14]

Let A is matrice defined as
(see mathTex_74.mtex) (cf. p.15)

e Determine the inverse of A.

® (see mathTex_75.mtex) (cf. p.15)
O (see mathTex_76.mtex) (cf. p.15)

If you didn't provide the correct answers, you should revisit the previous section for
further study. You can also visit this website for additional information https.//www.math
sisfun.com/algebra/matrix-inverse.html’.

7.Inverse - https:/Mww.mathsisfun.com/algebra/matrix-inverse.html

17
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