Chapter V: Work and energy

I- Definitions
> Let G beavector field: G= G,1+G,7+G, k

> LetV be ascalar field as a function of x, y and z.
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» The total differential of V is defined as: dV= EV dx+ EV dy+ EV dz
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> The nabla operator « V » is defined as follows: V-é +§ j+—k
> V= L+ 2 Sug+ 2 (in cylindrical coordinates)
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» The following differential operators are defined:
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I1- Work of a force
The elementary work dw of a force F acting on a material point M in an elementary displacement

d ¥ along the trajectory (C ) is given by :

dr

F

dW=F. dr
dwW= F.dr.cos@
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The unit of the work is the Joul (J)

If cosO > 0 (-n/2<6< /2): the work is said to be driving (dw > 0) = The force and displacement are
in the same direction.

If cosO < 0 (n/2<6< 3x/2) the work is said to be resistive (dw < 0) = The force is in the opposite

direction of movement; it slows the object down.

If 0= 1/2=> cos0=0 = dW=0 F -1 “dr the force perpendicular to the trajectory does not work.

A M B A M B A M B
-m/2<0< /2 6=m/2 /2<0< 31/2
W (F)>0 W, (F)=0 W, (F)<0

In general, if the material point traverses an arc AB on the trajectory, the work along this curve will

be the integral of the elementary work:
Wass= [, aw= [, F. dr= [, F.dr. cosf

If there are several forces:

Wase==3IW; = [, dW=[ T F,.dr (i=l........ n)

Analytical expression of work

a- Using Cartesian coordinates:
F= B +E,J+F, k

“dr=dx1 +dyj+dz k
Wase=[," Fxdx + [J*F,dy+ [*F, dz

b- Using polar coordinates:

F=F,

“dr=dp u, +pdO ug

up +F9 Ug

0
WA—>B=f:12 F,dp + felz Fo pd®
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c- Using cylindrical coordinates:
F=F, U +Fyug + F,K

‘dr=dp &, +pd® g +dz k

0
Wase=[2"F,dp + [, Fo pd@ +[.* F, dz

d- Using intrinsic coordinates:
F= F; Uup +Fyuy

dr=dr ur

WA—)B:f:lZ Frdr

d- Using spherical coordinates:
F=F W +Foug + +F, Uy

dri, + r do g + r sinf d® U,

WA—>B:f:12 F.dr + f:lz TFydO +f(:)p12 rF, sinf de

I11- Power
Instantaneous power is defined as work per unit of time: P= 'Z—v: . It is defined by the scalar product

of force F and velocity V.
d Fdr _—= =

== = F. V (watt)
dt dt

IV- Kinetic energy
The elementary work of the force F acting on a material point can be written as:

— 4V = = my?
= . Vdt=mV.dV=d(%)=dE

dw=F.dr=ma. dr =

2
Ex= s the kinetic energy of the material point.
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2
P=mV = Ex= :—m (P : motion quantity)

Kinetic energy theorem
The total work of the forces exerted on a material point between two instants t; and t; is equal to the

variation in the kinetic energy of the point between these two instants:

B B 2 2
Wase= [, dW== [ d(Ey) = Ey(B) —Ex(A) = “‘;B — % = AE,

V- Conservative forces
A force is said to be conservative if its work does not depend on the path followed:

1 2
WA—>|3: WA_)B

A
(1)
B )
In other words, the total work on a closed path is zero:
A— —
Wasa=§; dW=§; F. dr=0=> E(A )= Ex(A, t)=eeeererrerernn E (A t)
A
B
VI- Potential energy
A conservative force is a force derived from a potential:
F=- grad E;
—_— = OEp s OEp_ OEp—
grad Ep=V Ep= Ep 1+Ep ] +7p k
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E, is the potential or potential energy. Potential energy is defined within one additive constant. In
general, a reference ‘origin' position is defined for which E,=0, and the variation in potential energy
IS measured, not its absolute value.

Note 1

I the force F is a conservative force : Tot F= 0

F&?Z?A?Z?A(—ﬁEp) =- (?/\6) Ep:6

Note 2

We have: dW=F. dr

For a conservative force: F= - grad Ep =>dW=-grad E, . dr

OBy _,

OE,
+—=L

= dW=- ]+ %i).( dx1 +dyj+dz K)

OE. OE. OE.
= dW=- (Ep dx+ gpdy"' Ede)

= dW= - dEp = Wl_)g - AEp: Epl'EpZ

VI11- Examples of conservative forces and potential energies

1- Potential energy of a body in a uniform gravity field

F=P=- mgj
dr=dy]

Wyisyo == [)* mg dy = - mg (y2-y1)

Ify1 =y, = Wyi,y1 = - mg (Y1-y1)=0 = P is a conservative force. Therefore:
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P=-grad Ep

—mg_]&'(%_f"‘%_])"‘%p?): mg= % = dE,=mgdy = E,= mgy+C™

To determine the constant, we choose a Reference position for which Ep is zero. Therefore:
E,= mgy

y: the vertical position y (or the height) of the particle relative to the reference positiony =0

I |~>-I

Ep ;
l Ep<0

2- Potential energy from the gravitational attraction of two material points

ny

F=-¢™2U , dr=drl,
dW= - dE,,
-dE,=dw = F.dr
E,=-[F.dr
Ep= [ G =2 dr
E,= —G ™2 4 (st
P r
Or
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F= —grad E,,
mm, _ 0E, , 10E, 1 0E, |

—G = — (=28, +——=1g + —=
rz ( ar " T 96 T Tsing L) Up)
mm, _, O0E,
G 7 W= a—rpur
mm, _ dE,
r2  dr

mym
dEp: G %dr

mpm;

E,=—G + C°t¢

Generally, we take r = oo as the reference position and C**=0; then :
mimp

E,=—G

3- Elastic Potential Energy

\

\\\%W
i

N

-

]
1

OE 0E, .
kvt — P> P> P
k.xt ( l+ay]+azk)
dE
_ %%p
k.x = Tx
dE, = k.x dx

1
— 2
Ep —Ek.x + CSte

VI111- Mechanical energy
The mechanical energy of a system is given by the sum of kinetic energy and potential energy.
Em =Ex + E,
We have seen that for conservative forces:
Wi = AEk=E ke -E
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Wi, =-AEp=E p1 -Ep2
=>Ew-Exu=Ep-Ep
=>Eww+Ep=EutEp
= Em2 = Emz
= AEy =0
This relationship indicates that the mechanical energy of a system subject to conservative forces

remains constant - the "law of conservation of mechanical energy".

IX - Non-conservative forces
In the general case, the forces acting on a system can be divided into conservative forces (which

derive from a potential) and forces F which do not derive from a potential (frictional forces, for
example) and can be written as :
Fro= F+ F
Wis2=f (F + Fp). dr

Wi = W? + Wﬁ

F is a conservative force : W?z - AEp= Ep1 — Ep2
Wi 5= AEc=> Ecy-Ecr= Epy — Epot W
= (Bcz- Ep2) - (Ec1- Ept) = W
= Emz- Emi= Wy

:>AE|\/| = Wﬁ
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