DIFFERENTTAL EQUATIONS

0.1 First order differential equations

Definition 0.1.1 An equation of the form
y' = F(z,y,y) =0;

where y is a function of x is the unknown, its called first order differential equation.

0.1.1 Some types of 1st order differential equations
0.1.1.1 Separable differential equations:
They are of the form

The general solution is given by

[y = [ gz, cary =L

Example 0.1.2 We consider the differential equation
/ dy 4x
Y —4y:0(:)/—:/4dx4:)y:0.6 , CeR
Sy
Exercise 1: Integrate the following two differential equations:

(> 4+ 1)y =z + 1. (x — 1)y +/1—942=0.

0.1.1.2 Homogeneous differential equations:

They are of the form
Y
y = F(=).
x

The resolution (or integration) of this type tends to the resolution of separable equation
Yy , , . dy dt
= =t<y=tx, theny =2t +¢t ou bien — =xr— +¢.
T dx dx
The general solution is given by

I dt
r="Ce F(t)—t
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Example 0.1.3
dt

zy —3y=z&y = 3(y) +1, doncx = C.ef 2t+1 = C,/2(g) +1
x x
Exercise 2: Integrate the following homogeneous equation:

22yde — yPdy = 23dy

0.1.1.3 Linear differential equations:

They are in the form
y + @)yt = g(z)m (1)

where f, g are continuous functions on some interval [ in R, g(z) is called the right hand
side of the equation.

1. Solve the equation without the second member:
y + fx)y =0,
it is a separable equation.
Y = Ce_ff(z)dx, CeR
2. Solve with second member: The general solution of the complete equation (1)

Yo =Y +yp,

ol yq : general solution of (1), wypy : general solution without second member, yp :
particular solution of (1)
Question: How to find yp?

o By observation with the naked eye. Else

e By the variation of constant method
We put yp(x) = C(z).y1(x), where y;(z) = e~ J 1@z g,
yyla) = C'(w)e” O — C(a) f(ayer 10
Then we substitute in (1), we find

C'(z) = g(x)el 7@ = O(x /g Yed 1@ alors yp(a /g Yed F@dz o o= [ F@)

) =
),

Example 0.1.4 We solve the equation
vy — 2y = x.
» By observation, (—x is particular solution) Resolution without second member:
vy —2y=0=y=Cz2% doncyg=Ca*—ux.

o By the method of variation of constant:

1

1
y =Ca?+20.C alorsC' =5 =C=—-+K.
T T

then
The general solution of complete equation y= Kz* — .
Exercise: Solve the linear equation
(1—2%)y — 2y = .
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0.1.1.4 Differential equations of Bernoulli:

they are of the form
v+ fl@)y =yg(x)

y = 0, is particular solution.

e «a =0, complete differential equation.

a = 1, linear equation without second member.

a#0, a#1, y+#0, Bernoulli equation.

Solving this equation is done as follows: we multiply by y~¢, we have
vy +y T f(2)+ = g(a).

we make z = y'7 = 2 = (1 — )y *y. So

Z/

+ f(x)z = g(x).

1 -«
We are in the case of a linear equation.

Example 0.1.5
vy —y=y’lnz.

E.D de Bernoulli , o = 2. On multiplier par y=>

zy 2y —y P =lnz. onposez=y =2 = -y,
on trouve . 1
nx
Y+ ~2= "= E.D linéaire compléte
x x

0.2 Second Order Differential Equations

Definition 0.2.1 A second order differential equation is an relation in the form
F(z,y,9,y") =0,

between the variable x, the function y(x) and these two first derivatives.

Example 0.2.2 o Y +w?y =0, admits for solutions on R the functions

v1(z) = sinwz, @a(x) = coswx

o " =0, admits for solutions all polynomial of the form ax +b, with a et b two arbitrary
constants.
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0.2.1 Equations not containing (or without) y

Let
F(a,y'.y") = 0.
We make 3/ = z, then the equation become
F(x,z,2") =0.
Example 0.2.3
y' +y? =0, onposey =z, alorsz + 2> =0= —ij =dr = z= xic = dy = xixC

y=In(z+C)+ K, C, K étant des constantes

Exercise: Resolve the equation xy” + 2y’ = 0.

0.2.2 Second order linear differential equations

Definition 0.2.4 A second order linear differential equation is an equation of the form

a(z)y” + @)y + c(x)y = f(@),
ot a(x), b(x), c(x) et f(x) are functions.

We associate with this equation the equation without a second member called homogeneous
equation, i.e.

a(z)y” +b(x)y + c(x)y =0,
with right hand side called complete equation.

Theorem 0.2.5 The general solution is obtained by adding to a particular solution of the
complete equation the general solution of the homogeneous equation (i.e. without a second
member)

Yo =yp +Yn.

0.2.2.1 Solving the equation without a second member

If we know y;, yo a particular solutions, then the general solution is written as the form
Yy = AMy1 + Aoyo and the two solutions must be linearly independent, which resulting in

Yyr Yo
/

J # 0. Is called the Wronskian
1 Yo

0.2.3 Linear differential equations with constant coefficients

They are of the form
ay” +by' + cy = f(z),

where a, b, ¢, are real constants and f(z) is a function. To solve this type of equations

1. We search the general solution of the homogeneous equation, i.e f(z) = 0. in the form
y = €™ and we replace in ay” + by’ + cy = 0, we obtain

e (ar? +br+c¢)=0= ar’+br +c=0, called the characteristic equation
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If A > 0, then rq, 75 two distinct real roots. The general solution of the homoge-
neous equation is in the form

y = Cre™* + (Che™*, (4, Csare real constants.

If A = 0, the characteristic equation admits a double root r, = 79 = r. The
general solution is of the form

Yy = (Cl$ + CQ>€m.

If A <0, sory, ro two complex roots 1, = a + i3, ry = a — if. the general
solution is of the form

y = e*(Acos(fx) + Bsin(fz))

2. we search the general solution of complete equation i.e. f(x) # 0.

Case where f(x). is a polynomial, then we search a particular solution as the
polynomial form

Case where f(z) = e*P,(z), we search a particular solution, we make y =
e**P(z), (P any polynomial)

Case where f(z) = Acos(ax) + Bsin(azx), «a, A, B€R.

e If i is not solution of characteristic equation, we search yp in the form
yp = A’ cos(ax) + B'sin(ax)

e Ifia is a root of a characteristic equation (necessarily simple), we search yp
in the form yp = x(A’ cos(azx) + B’ sin(ax))

In the general case , To solve the complete equation, we apply the variation of
constants method. As follow: Let y = Ciy; 4+ Csys general solution of the equation
without a second member. Search for a particular solution by the variation of
constants method. We make y = Cy(z)yi(z) + Co(x)ye(z) with CJ(x)yi(z) +
CY)(x)ya(z) = 0. After calculation, we will have two equations with two unknowns

{C{ (@)y1(2) + Colz)ys(x) = f(2)
Ci(@)yi(x) + Cy(x)ya() = 0

This system has one and only one solution because v, - are linearly independent.
therefore C}(z), Cy(x) exists.

Example 0.2.6 Solve the second order differential equation y” + y = x sin x.

1. Solve the equation without second member

Characteristic : 72+ 1= 0= r = %1, so

yg = Cicosx + Cysinx.

2. with second member:

we use the variation of constants method.

0
rsinx

{cux)yl(x) + Ch(x)ys ()
O} (x)y) (x) + Ch(x)yh(x) =
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{C{ cosz + Chsinz =0

—(Cisinz 4+ Chcosz = xsinz

cosx sinx
—sinxz cosx

Then C] = —xsin?z, C)=zcosxsinz

After integration we have:

C T sin2e 4 eos2e, Gy — Loos2e — Lat Lsin2
= —— + —sin2x + - cos 2w = ~cos2r — ~x + - sin 2x
T4 Ty 8 R 4778

We replace C, C5 in yg we obtain the general solution yg.
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Exercise 01: Give the type of each first-order differential equations (the Solution is not

required)
1. zy = (x — 1)y, (1+ y?)dy = xdx,

Ty Y
x+y’ 1— 22

2.y = =1+uz.

2zyy —y* + 1 = 0.

Exercise 02: Solve the following separable differential equations:

o (14+e%yy =e*, o tan(x)sin?(y)dz + cos?(z) cot(y)dy.

e 1 1—¢€"
I o 3e’ta d
w1 T ¢* tan(y)dz + cos?y

dy.

o y'tan(z) =y (%), o (224 1)y =9*+4.

(*)

Exercise 03: Solve the following homogeneous differential equations:

oy ==-—1, o y/:_x+y

(x) o

X

o (x2 + yz)dx — 2zydy = 0, (%) o Y =

r—=Yy
r+y

(x — y)ydxr — 2%dy = 0.

Exercise 04: Find the general solution of following linear differential equations:

o y’—g:x, (%) o (1—2*)y +xy =2z,

X

oy —ycos(z) = sin(2z).

(x)

Exercise 05: Find the particulars solutions satisfying the given initial conditions:

Loy +y—e"=0; yla)=b ()

Yy
2.y — [ —1—2=0, y(0)=0.
3. ¥y —ytan(z) = 71 . y(0)=0. (%)
cos(x)

Exercise 06: Find the general solution of Bernoulli differential equations:

o y’+% = —xy?,

. 2 .
o y'sinxcosr—3y = —3y3 sin

() o Y -y=2/F"

Exercise 07: Solve the following second-order differential equations:

1y +3y +2y =22> +8x + 7.

2. y//_y:€2x_ex



3. y" — 6y + 9y = 2e3* — e”.
4.y +y=xsinz. (%)
5. y" 4+ 2y +y = cos’z. (%)

6. v’ — 2y + 2y = sin(z).e” (%)
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0.3 Short solution

Exercise 01: The type of first order differential equations:

d -1
Lay=(@x-1y<& d—y dx Separable equation
T T

2. (1+ y*)dy = xdx, obvious
;9 1 1,
3. 2zxyy — vy +x:0<:>y—gy:—§y
T —y 1-2 _
4.y = = f homogeneous equation
r+vy 1+ 2
x
D. y’—izl—i-x@y’— y = 1 + x linear equation
1 — a2 1 — a2

Exercise 02:
(2) :  tan(x)sin®(y)dz + cos?(z)
We divided by sin?(y) cos?(x) such that: y # (2k + 1)%

(2)@/ Sl“dx+/ Y gy =,

cos3 x sin® y

cot(y)dy = 0.
and z # k7 So

after integration we obtain

1 1
2) & =C. CeR
2) cos2x+sin2y
(4): 3¢ tan(y)de + ——Cd
: 3e”tan(y)dx
cos?y J
d
R e v
1—65'? sin x cos y

separable equation. The student must complete the integration.
Exercise 03:

d
1. = J_ 1, we make the change of variable LA y=trey =tr+ts d—y
x x x
)
dt -=
—x +1tso y’:g—1<:>t’x:—1<:>:c:Ce x.
dz x
2. Yy = _Try the same work for this equation
x
d
3. (z—yydr —2*dy =0< di % — (%) the student must complete
9 9 dy 1.1 Y Y .
4. (* 4+ y*)dr —2zydy = 0 & i 5(7 + —) = F(;) homogeneous equation make
x

the change of variable as previous y = tx next we resolve a separable equation.



Y
12
— d 14+t
5. y’zgj - gﬁf—x:f%dtwehave
x+y 1+7 xT 1-2t—t¢
x
I+t A n B
1—2t—12 t—1—+2 t—1++2
complete ...

Exercise 04: We chose
y' — ycos(r) = sin(2z).

e Solve without second member

y .
—= =ycos(x) &y = Ce™m*
o = ycos(a) Sy
o with second member: by the variation constant method
C' =sin2ze "M% & C' = ¢ 5"%(—2sinx — 1) + K then y = Ke*™* — 2sinz — 1

Exercise 05:
' Y

1 — g2

y —1—2=0, y(0)=0.

For z €] — 1,1]
@_ dx
dr 1 — 22

by the variation constant method and after calculation we find

1
C = 5 arcsin x + 1 sin(2arcsinz) + K

Sy = Cveargth:v

then the general solution given by

arg th:c(

1
y=e 5 arcsin z + 1 sin(2arcsinz) + K)

So the solution satisfy the initial condition y(0) = 0 is

1 1
y=e"® th’:(i arcsin r + 2 sin(2 arcsin z))

Exercise 06:
Yy 2

Y+ =—ay
T

Bernoulli equation we multiply by y? we obtain

1
vy oy =
Xz

Make the change of variable y~! = 2z & —y/y~2 = 2/ the Bernoulli equation become linear

equation in the form

, 1
zZ+-—z=—x
T

We use the variation of constant method, the general solution of linear equation given by
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, and the general solution of Bernoulli equation is

1 1
R
T 3
Exercise 07:
' +3y +2y =222 +8x +T.......... (1)

o first the solution without second member The characteristic equation is
P 43r+2=0=>r=—-1, rp=-2

then
yg = Cre™ 4+ Che™*,  (4,C,, are constants

o second with second member we know that yo = yy + yp
The second member is polynomial then the particular solution

yp = az’ +br +c, yp=2ar+b, yh=2a

5)
We replace in (1) and by identification a =1, b= 3 =7 hence

=2+ 375 + ;5
Yyp = 5 1
and
—z —2z 2 ) —9
yG’2016 +CQ€ +x +§1)+T
" 2x T
Yy —y=e"—e".. :(2)
Characteristic equation is
P —1=0, r==l1
Solution without second member is
C’le_”” + CQ@x
then we find yp, use the variation constant method as follow: we put y; =e™*, 1,

and solve the system equations

w1+ Coy2 =0
Clyy + Cayy = f(2)

Cle=® + Che® = 0......(1)
—Cle" + Che® = f()...(2)

1 1
(1)+(2):Cézi(ex—l):>02:§em—g+l(2

1 1 1
(2) — (1) : Ci = —§(€3$ — €2$) = Cl = _6€3$ + ZCQI + Kl
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then

1 1
ya = Kie " + Kye® + 5625" + 1(1 — 2x)e”

y' — 6y + 9y = 2e>* —e”......(3)
Characteristic equation is:
—6r+9=0% (r—3)>=0, 7= 3doubleroot

SO
Yg = (leL' + 02)631:

For find the particular solution we can use

« First method: because the second member is the form P(z)e**. We search yp =
yp, + yp, such that yp, = Cz%e®®, o =3, yp, =Ce”

y}l =C((2x+ 3629”)639”, y;él = C(92% + 12z + 2)e™”

After calculation we can find C' = 1 then yp, = z%¢3® in the same way, we find
1
yp, = —Zel’ then 1
Yo = (C1x + Cy)e™ + z%e®” — Ze‘”

e we can use: the variation of constant method as previous
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