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Exercise 1 : (06 Pt) Consider the following function

sinx —e ®ln(x + 1)
1+

fz) =

1. Write the finite expansion of f in the neighborhood of 0 at order 3.

2. Deduce the value of the following limit

., —€"sinx 4+ In(x + 1)
lim (
20 22(1 + x)e”

).

Exercise 2 : (04 Pt)

1. Find the constants values a and 3 such that

x? « 2 —1

\/xQ—lz\/:L‘Z—l+ 6]

2. Deduce the area of region bounded by the graph of the equation y = ——— and
r—axis and the lines ©z = V2, z = 2.
Exercise 3 : (10 Pt)
1. Find the primitives of the following function

3:5

(x—1)(22 —z+1)

g(r) =

2. Let the differential equation

5
/ ) z

= 1

Y x—1+(x2—x+1) (1)

— Give the type of the equation (1).
— Using the variation of constant method, solve the equation (1).

3. Prove that the function h(z) = z® — 1, is solution of the equation

/ Y

Yy = +22%7 —x—1
x—1

- Find the solution to this equation that satisfies the initial condition y(0) = 0.
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SOLUTION OF SECOND EXAM

Exercise 1 :

. The finite expansion of f in the neighborhood of 0 at order 3.

We have ;
sinx =z — % + 23e(x), (0,25)
2 3
e‘le—xjt:i—si%—:vge(:v), (0,25)
2 6
R
ln(x#—l):a:—?#—g—i—x e(z), (0,25)
1 .
=1—a+2°—2°+2°(). (0,25) Such that, lim e(z) = 0.
1+« z—0
2 3 2 .3
etz +1)=(1-2+— — " +2%(@)(x — = + — + 2°(x))
2 6 2 3
3 4
= — §x2 + §x3 + ze(x) (0,5)

3
sinz —e “In(x 4+ 1) = (z — % + 23e(x)) — (v — 21’2 + 29&3 + 2%e(z))

= 2x2 — gx?’ + 2e(w). (0,5)
Then 5 3
f@)=1—-a2+2°—2°+ x3e(x))(§m2 - ix?’ + 23¢(2))
= 23:2 — 32° + 2%¢(x) (02)

2. The value of the following limit
—e®sinz + In(z + 1)) _ 8 LF

!
xg]%( 22(1+ z)e®
—e’sinz +In(zx+1) —e*[sinz —In(z+1)] -1 -3
22(1+ z)e” e*x?(1+ ) x? (z) 2 + 3z + ze(z) (01)
It results
. —e*sinz+In(z+1), . =3 3
}sli%( 2(1 ¢ 2)er ) —31612%(7 + 3z + xe(z)) = —3 (01)
Exercise 2 :
1. We have
af 22 1
2 af+a’-1_ 55 B 0.5
o1 g1 et o
by identification
1
|
7 _[s=1 )
o _1_, a=1 (0,5
g B
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2. We denote by D the area of region bounded by the graph of the equation y =
3

;E : and z—axis and the lines z = v/2, © = 2. Then
x —
p—[" 4 0
= —_— 75
\/§ \V I'Q — ]_ . ( )

D:/\;x(\/% v = f\/iw/ wa® —1dz  (0,5)

1[(:162_1)3]3/5:2\/_—;1. (01,5)

D= x2—1]3/§+3

Exercise 3 :
1. The primitives of the following function

xS

90 = oD@ = 1)

The euclidean division of g(x)

22— 2x +2
(x—1)(x2—z+1)

g(x) =2+ 20 +2+ (01)

Using the decomposition of simple elements of 1-st and 2-nd degree

% —2x + 2 o a N bx + ¢ (0.5)
(z—D(@2—24+1) x-1 22—z+1 ’
after calculation and by identification, we obtain
—a—b+c=-2 &<b=0 (0,75)
a—c=2 c=—1
Then
22 — 21 + 2 1 1
(z—D@2—24+1) x—-1 22—-x+1
Integrating
x? — 2z + 2 1
d :/ —d —/7d 0,25
/(x—l)(ﬁ—x—i—l)w z—17 2—zt1 (0,25)
Calculation of
/ 1 d / dx 4 dz
——axr = - = -
r2—x+1 3 3 20 —1
r—1)24 - 1+ 2
(=12 + ] )
2 dt e 2¢ — 1
= — _— W1 =
NERAR S V3
2 z—1
= —arctant + C' = —= arctan C.
V3 V3 V3
Then
/ i1 - Zarctan Kk (02
— 42?4+ 2z +In|r — 1| — —= arctan :
o V3 V3

0. Module manager : Dr : M. TOUAHRIA



2. Let the differential equation

5

/ Y €z
= 1
Y x—1+(:v2—x+1) (1)

— The type of the equation (1) is : 1-st order linear differential equation.

— Using the variation of constant method, for solve the equation (1).

a) general solution without second member (homogeneous solution) :

d dx
VN

z—1 Y z—1

By transition of the integral

dy dx B
/y_/$_1:>yH—C(x—1), CeR.  (01)

b) Solution with second member : using the variation of constant method.

We make
y=Cla)z—1) &y = C'()(s —1) + C(a)

We replace in the equation (1)

$5 5

Cla)fw = 1)+ Cla) = ) = 5= gy C'la) =

From the question 1 we can deduce

3

2 2z — 1
Clz) = +a?+ 2w+ Infe—1| - —carctan = — + K, K€R

3 V3 V3
Then

3 2 2x —
y:K(x—1)+(x—1)(%+x2+2x+ln|x—1\——arctan ’

1
Ve N

3. Prove that the function h(z) = z* — 1, is solution of the equation

y'zL—i—xz—x—l—l
r—1

(01,5)

We have h/(z) = 32 and h(z) = (z — 1)(2? + = + 1) then we replace in the equation

(x—1)(2*+2+1)
r—1

3r? = +22° —x — 1. true. (01)

So, h is a particular solution of the equation.

- The solution to this equation that satisfies the initial condition y(0) = 0.

We have the general solution is
y=Cx—1)+2°—1.
We have y(0) =0 —-C-1=0&C= -1 (0,5)

Then y=a2°— . (01)
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