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— Espaces fonctionnels de type de Sobolev —

Final Exam January 2025

* We use the notations of the lesson, as s € R, 1 < p,¢ < oo, the functions p
and 7 ...

Exercise 1. (Lesson) (1) Give the definitions of :

(a) p and 7,

(b) Q;f(z) and S;f(z),

(c) the spaces B}jo,q(]R), B;,”OO(R), BMO(R).
(2) Write the following two theorems : 1- Nikol’skii’s theorem, 2- Paley-Wiener’s theorem.
(3) Find the conditions such that BS7Q(R) C Bg’ovq(R).

Exercise 2. Let p,u € [1 + oo]. Let A% be the set of all f € LI*°(R) such that

11 " 1/p
I s=supsup 25 ([ (5= )P ay) < o

2eR >0
(1) Prove that p >wu = Ay = {0}. Define Aj.
(2) Prove that p > q = Ay — Ay. Calculate || f(A-)[|.4x for all A > 0.
(3) Prove that A> = L (R). Hint : we recall the Lebesgue’s differentiation theorem :
if fe L(R) then lig(l)r_l ' |f(x —y) — f(z)|dy = 0.
(4) Find the conditions for s, r,t, u,p such that ||f|

B, (R) < C||f||A;-
(5) Let m € N*. Using (4), find the conditions for m, s, u, p such that
[ e Av = f e B (R).

Exercise 3. (1) Let u,,(z) := 2™, z € R and m € N*. Calculate A} 'u,,(x).
(2) Let ¥ € D(R) be a positive function, such that supp ¢ = [—2,42] and ¢(z) = 2™ if
|z| < 1. We put

1 1

-, h=—, VjeN. E
5 o Vi€ (E)
Prove that (E) is impossible.

Scale :

Ex. 1:5 pts. = (0.5+1+1) + (1+1) + 0.5

Ex. 2 : 10 pts. = (1+0.5) + (1+1.5) + 2.5 + 1.5 + 2
Ex. 3 :5 pts. =2+ 3



Exercice 1. (Lesson) (1) Donner les définitions de :
(a) p et 7,
(b) Q;f(x) et S;f(x),
(c) les espaces By, ,(R), By (R), BMO(R).
(2) Ecrire les deux théoremes de : 1- Nikol’skii, 2- Paley-Wiener.
(3) Trouver les conditions tel que BI?’Q(R) C Bg‘ojq(R).

Exercice 2.  Soient p,u € [1 + oo]. Soit A} 'ensemble des f € LLOC(R) telles que

1o [T 1/p
7l = sup sup v (| [fw =) dy) < oo
zeR r> —r

(1) Démontrer que p > u = A = {0}. Définir A}
(2) Démontrer que p > q = Ay — Aj. Calculer |[f(A-)[[ax pour tout A > 0.

(3) Démontrer que A>° = Loo(R). Indication : on rappelle le théoréme de différentiation
de Lebesgue :

si f e LP¢(R) alors lin%r_l/ |f(z —y) — f(z)|dy = 0.

(4) Trouver les conditions sur s,r,t,u,p tel que || f]

B ,(R) < C||f||Ag'
(5) Soit m € N*. En utilisant (4), Trouver les conditions sur m, s, u, p tel que
fm e Ar = f € B, (R).
Exercice 3. (1) Soit u,,(z) := 2™, x € R et m € N*. Calculer A} u,,(z).
(2) Soit ¢ € D(R) une fonction positive, telle que supp v = [-2,+2] et (x) = =™ si
|z] < 1. On pose

1
h=-—, VjeN- (E)
m

Démontrer que (E) est impossible.
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