Chapter 3: Relative motion

I- Introduction

Motion is always defined with respect to an observer or reference frame. So, it is necessary to
choose a reference frame in order to determine the position, velocity and acceleration of an object at

each instant.
The reference frame can be stationary or moving:

- Stationnary" or "absolute™ referential: is attached to the observer and it is fixe, usually with respect
to the earth (R (O,X,Y,2)).

- Relative referential: is is itself moving (R’ (0’,X",Y’,Z’)).

The position, velocity and acceleration depend on the frame and they can be transformed to get their

equivalents in another frame.

I1- Description of the motion
I1.1- Motion in absolute referential

The motion is described in the absolute referential R (O,X,Y,Z2):

- The absolute position vector: OM=x7+ yj+z k

o ey —_ dﬁ/i . > . > .7
- The absolute velocity vector: V, = VM/R = 7| =x1+yj+zk
R
. — — d*oM av o e T
- The absolute acceleration vector: a, =am, =—| =—| =X1+yj+7k
/R dt? R dt R

Il .2- Motion in relative referential

The motion is described in the relative referential R (0,X, ¥, Z). The base of the relative referential

-

is (i, j, k). These vectors are fixe in &%, but they move with time in R:

- The relative position vector: OM = x {+ 3’/]7+ zk
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i . —  ——  dOM 22,37, 41
- The relative velocity vector: V,. = V) =—-| =xi+yj+z k
R R
. . —  — AV, d?om w72, 57,27
- The relative acceleration vector: a, = am, = —| = =xi+yj+2zk
B dt lp dt? |g

I11- Basic equations

111.1- Velocity vector

. . dOM
Va_VM/R_—dt )

d — —
=—(00+0M
dt( + )|R

=— —(xi Z
s dt dt yJ
R
— 400 atz, ,di  dy>,,dj  dzz,  ,dk
Vo=—| +—i+t—+—=j+y—+—i+7—
a dt R+dt dt+dtj ydt+dt dt
—  dob  di . df |, dk k7 dyz  di7
V,=(— X—+y— +7— —i+—=j+—-k
g (dt R+( dt ydt dt))+(dt +dt]+dt )
—  doo  di . dj , dk
V, =— X—+ty— +z2—
€ dtR+( dt ydt dt)
— dkz dyz dz 7 ;7. 37 .1
V,=—1+— —k=x1i zk
T dt +dt]+dt Tyt
Vo=V, +V,

Vg: Entrainment velocity, It’s the velocity of the moving referential R' relative to the fixed

referential R.
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111.2- Acceleration vector

— 7 7 - . > -
va=‘f—t"R+('Z:+'y% P+ G+ yj+zk)
d?oM| dv
_
Ga = M/, = "ag2 E‘
_. d%00 s odi |, d% | . df |, d% | ;dk |, d?’k
a= gz | T Xt Xty ety T i)t

—, d200  d% 4% ., d%k s di s df
= Xr—+y— +z2—)+2| x — —=
a a? |, +( dt? ydtz + dtz) t dt+ ydt
—.  d%00 ,d%l  , d%f d?k
= — +y— 47—
€ a2 |, ( dt? ydt2 dt?
2 ? 7
. di . dj dk

a,. Entrainment acceleration.
a,: Coriolis acceleration or additional acceleration.

a,: Relative acceleration.
The Coriolis acceleration is the result of the rotation of the Earth on itself.
IVV- Special cases of motion of R’ relative to R

1VV.1- Translation and rotation motion

R|R : Rotation & translation




IV.1.1- Velocity vector
R’ rotates around a fixed axis (A) and the distance between o and o' is not fixed.

In the previous chapter, we showed that if an object M is rotating about (OZ):

1z
D
R
ol ——= .
~ -
T SR, y
M v
- do o ——
V=———=wA0M
dt
. di  — 2 dj — 2 ak . 7
So, we can write: —=wAl , T = BAjf, @Ak
dt dt dt
doo Ldi . dj |, dk
= —_— —+ — + —_
Ve dt R+(xdt ydt Zdt)
rad do—o) ;7 —> 74 ; —> 7 ;—> =
Ve=—" +(kwAnit+ywAj +zw A k)
R
g dO—O) —_— , 7 — ;s 7 — /7)
Ve=7 +(wAxitwo Ay ] + w A zk)
R
— _ doo — (7 .7 .7
Ve=——| + oa(xi+yj + zk)
dt |p
7. =290, & on
=— w A
¢ dt
R
Vo=V,+—| + w A\OM
dt |p
1V.1.2- Acceleration vector
_,  d?00 a2, 4} |, d%k
= — —_ 4 —_— p—
e de? R+(xdt2 Yae +Zdt2)
. d?00 ,ddi  ,ddf . ,d dk
= —_ — 4+ _— [ ——
€ dt? R+(xdtdt Y at at 20 a
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—. _d?00

,od — 2 ,od s 7 ,d — 7
+xa(w/\l) +ya(w/\]) tz-, (w1 k)

€ a |,

200 da da da
Egzdd%lz (— Al+w/\ )+y(—w /\]-I—w/\ )+ (— /\k+w/\%)
— dzo—d , [dw 7 — — 7 dw 7 — — v
e = a2 R+x[z Al+w/\(w/\l)]+y ’ /\]+w/\(w/\j)]
|[de - _, — =
+Z|— Ak+wAa(wAak)

dt
—. _d?00 dw G . 7, — (= . 2
e = 2 . E/\xl+w/\(w/\xl)]+[z /\y]+w/\(w/\y])]
dov  » _, — 7
+|—=— AZk+wA(wAh zk)
dt
_, d?00 dwo .>+dw q+dw i
a, =——— — AXl+— A AZ
°~ae dt ac Y ta
R
+[8A(8AJ’CZ)+E}’A(E}’A)’I})+E§A@A Zk)]

—, _ d?00 da 207 oq — — .2 — .7 — .7
T R+ EA[ xXi+yj +zk]+w/\[(w/\xl)+(w/\y])+(w/\ zk)]
—, _d?00 de 7 Oz, i — = 72, 27, oI~
ae =5 R+ E/\[ Xi+ yj +zk]+w/\[w/\(xl+ vy Jj +zk)]
—, _ d?00 @ [ 777 1. — [—
ae—?R+ EA[ oM ]+(D/\[(D/\0M]

200 — . . -
?e=ddgoR+ WAOM + @ A(w A OM)
— dZ+ d]+ dk
a. = 7—
¢ Yt ydt dt
=2(x@AD+ Y@ A +2@AK))
a;=2( @i+ @AY N+ @azh)
Eg=z(a,\(3’ci+ i+ él’c))
a_C)=2(Zi/\V_r))
2—/ —_ N — - N —
G =0+ 200 + GAOM +BAGAOM) +2(BAV,)
R
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1V.2- Translation motion

1V.2.1- Velocity vector

z
®)
—_
z x|
ol .}
5 Y
® o= =
ol i
/ )

-

R"is in translation with respect to R, the directions related to R" (( ff k)) are fixed in R (& = 6).

di _df  dk = .
T nT 4 0, donc:

. doo
Ve="ar
R

—  —  doo
v, =V, +%°
a T dt

R

1VV.2.2- Acceleration vector

. _ d%00 ) . .
SR R

_, d?00
Ae = a2

R

w10 )

a=20

_, d?o0

a, =a, + pT%

R



Remark

If the motion of R/R is a uniform rectilinear motion:

1VV.3- Rotational motion about a fixed axis

1V.3.1- Velocity vector

. doo -
In thiscase: —| =0
dt |p

e

V, = ®A0M

— e -

V,=V,+wA0M

a, :-+ WAOM + & A(@ A OM)
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a, = @WAOM + @& A(@ A OM)
a,=2(wAV,)

—_—

'/\OM+5/\(5/\EVI)) + Z(BAW)

Q
Q

I
Q
$
+
gl

Remark
If the angular velocity is constant (uniform rotation):
lwll =0
a, = ./\OTVI)+H))/\(5)AOTVI))
a,= wA(wa OTVI))

G = + A (6 0M) + 2(BAT,)

Exercise

Consider two cars A and B moving on two lines at speeds of 70 km/h and 90 km/h respectively.
Calculate the velocity of B relative to A when the two cars are moving:

- On two parallel lines in the same direction and in the opposite direction.

- On two lines forming an angle of 60° (in the opposite direction).

Solution
- Aand B are on two parallel lines in the same direction:

A
-
B
—s
Ve, = 901 ., Va, =701
/R /R
Vo=V, +V,



VB/R = VB/A + VA/R

VB/A = VB/R —VA/R =901—701
VB/A =201

- Aand B are on two parallel lines in the opposite direction:

A
B
—
VB/R =907 , VA/R =— 701

VB/A - VB/R _VA/R - 90 1+ 70l
VB/A =1601

- On two lines forming an angle of 60° (in the opposite direction).

/
B
50° -
r
VB/R= 92017 , VA/R=—7Ocos6OZ— 70 sin 60 j

Ir O 1. \/§—)
VA/R——7O El_ 70 7]

Va, =—351— 35V37

VB/A = VB/R - VA/R

Vi) =907 (-35i- 35V3))
Vg, =1251+ 35V3J

Vs, =138.9 km/h
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