Chapter I1: Kinematics of the material point

I-Introduction
Kinematics is a subfield of physics, developed in classical mechanics. Kinematics is the study of

the motion of objects without reference to the forces that caused the motion.

I1- characteristics of the motion

In kinematics, the two fundamental concepts are space and time, because the motion takes place in
space as a function of time. Mathematically solving kinematics problems in physics will involve
understanding, calculating, and measuring several physical quantities:

- Position vector (OM): determines the object's physical location in space relative to an origin in a
defined coordinate system.

- Velocity vector (I7): which determines the variation in magnitude and position of the position
vector.

- Acceleration vector (a): which determines the variation in magnitude and position of the velocity

vector.

I1.1- Position vector

The position of an object OM s given by its displacement relative to O. It changes with time
(Fig.1).
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1,7 and K: unit vectors.

X, y and z: point coordinates.
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11.1.1- Path of motion
The path followed by the object is the set of successive positions or line along which point P moves
in space.

Parametric equation of the path: After removing time, we get the relations between the X, y, z

coordinates.

11.1.2- Displacement

The displacement is a vector quantity. It’s the distance in a given direction. So, it’s a vector from

the starting point to the end point:

AOM = OM, — OM, = M, M,

11.2- Velocity vector
Velocity vector is a vector quantity that characterizes the rate of change in the position of a body in

space ([V] =m/s). The direction of velocity is the same as the direction of motion.

11.2.1- Average velocity vector

The average velocity vector V between M; and M (or between two times t; and t,) is defined as the

ratio of the displacement AOM = OM, — OM; to the time interval At = t, — t; (Fig. 2).

That is: Z
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Fig.2 X

11.2.2- Instantaneous velocity vector

The instantaneous velocity V is defined as the limiting value of the ratio % as At approaches zero.

Mathematically, V can be expressed as:
AOM _dOM

V:Altlglo At dt
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11.3- Acceleration vector
The acceleration vector is vector quantity that characterizes the variation of the velocity vector with

respect to time.

11.3.1- Average acceleration vector

The average acceleration dg,, is defined as the ratio of the change in velocity AV = 72) — 71’ to the

time interval At =t, — t;. Thatis:

a _ V-V _av
avg  t,—-t; At

11.3.2- Instantaneous acceleration vector

Instantaneous acceleration is defined as the limiting value of the ratio % when At approaches zero.

It is defined as follows:
a= limm_)(,% =i—f:dfi%—M
Note
1- Depending on the shape of the path, the motion is classified:
- Linear when the path is straight line.
- Curvilinear when the path isn’t straight line.

2- If the motion is unidirectional (one direction), for example in the direction of the axis (OX), the

velocity can be expressed as follow:

_ Xp—xq __ Ax

avg — t,—t; At

Note that the velocity is a vector quantity.

Example:
Vi, = ’:3 :fll >0
Vt3,t4 = i‘} : :: <0
Vits 2::11 =0 (x5 =2x)

e
f

traveled distance
At

di+dy+d3+dy

Or, the average speed S,,4 is: Savg = = Savg(t1, ts) =

ts—t1

So, the speed is the distance travelled per unit time (the speed is positive scalar quantity).
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I11- Motions in various coordinate systems and bases
Before studying the motion of a system, it is necessary to indicate the coordinate system and bases

in which the motion (the position vector, velocity vector and acceleration vector) will be describe.

I11.1- Cartesian coordinate system

The Cartesian coordinates system is orthonormal and it consists of three axes (OX,0Y,0Z). The
directions of (OX,0Y,0Z) are determined by three unit vectors (,7, k) which are fixed in the
observation frame of reference (neither the norm, nor the support, nor the direction of these vectors

change with time).

I11.1.1- Motion in one dimension: rectilinear motion

A rectilinear (linear) motion is one-dimensional motion along a straight line. It can be described
mathematically using only one spatial dimension.

To locate an object in one-dimensional space, we find its position with respect to the origin of an

axis, such as the x-axis shown in figure 3.

Negative direction -«
* Positive direction
| [ [ ] 1 I
! T 1 1 1 —>
2 M3

-3 -2 -1 0 1

Fig. 3

The position vector is defined by the origin point O and the component x:

—_

OM =x1

x
oM <O>
0

|oM|| = oM = |x|

- The displacement of M: AOM = OM, — OM, = Ax1= (x; —x4) L.
- The elementary displacement of M: dOM = dx1i

. = dOM _ dx- . o
- The velocity vector: V= el d—:z =X

7 =v = 1)

d’oM dzxi_ Py
dez2 ~ de?

- The acceleration vector: a =
lall =a = |%]
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111.1.1.1- Uniform rectilinear motion

It is characterized by constant velocity (zero acceleration): @ = 0 and V = V,=C*
d x t
V = VO = d_: = dX: Vodt :>fx0 dx = fO Vodt = X'xOZVOt

= x = xotVt

If Vo= 0, the object is stationary.

a (m/s?) V (m/s) X(m)
A A

t (s; t (s; t (S;
Fig.4

111.1.1.2- Non-uniform linear motion

It can be uniformly accelerated (or retarded) rectilinear motion. It is characterised by variable

velocity (non-zero acceleration) (Fig.5).
a=ayg= % = dv= aodt :>II:/0 dVv = f(: aodt = V'V():aot
= V=V+a,t

V= % = dx= Vdt 3_[;:) dx = f(:(VO + aot)dt = X-XOZVOt + %aotz

X= %aotz + Vot + x (equation of a parabola)

- If acceleration and velocity are in the same direction (V. a > 0)the movement is accelerated.

- If acceleration and speed are in opposite directions (17. a < 0), the movement is retarded.

a (m/s?) V(m/s) X(m)

a4,

t(s) t(s) t(s)
Fig.5
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- Free Fall

Due to gravity, it is well known that all dropped objects near the Earth’s surface will accelerate
downward with a nearly constant acceleration when the effect of air resistance is very small and can
be neglected. We use the term “free fall” for this motion and the same will be applied to objects that
are either thrown up or down.

The acceleration due to gravity (g) is very close to 9.8 m/s® near the Earth’s surface. Noted that:

- The motion is along the vertical y-axis.

- The free-fall acceleration is negative if the motion and the y-axis is upward: a = —q.

- The free-fall acceleration is positive if the motion and the y-axis is downward: a = +g.

Exercise
A ball is dropped from a tall building, as shown in figure 6. Find the following for E_E

the ball’s motion:

1- its acceleration, 2- the distance it falls in 2 s, 3- its velocity after falling 15 m,
4- the time it takes to fall 25 m, 5- the time it takes to reach a velocity of 29.4 m/s.

Fig.6

Solution
1- Finding its acceleration.
Since ( + y) is downward, then the ball’s acceleration is positive (downward): a = g = 9.8 m/s?

2- Finding the distance it falls in 2 s.
Wehavea=g,Vy=0, y,=0= V=gt : y=%gt2
y(@2)=39,8x22>y(2)=19,6m
3- Finding its velocity after falling 15 m.
4 Vol V2 _1V 2 _
VEgtot=-oy=g9t° =390 =2y=3=>V" =29y =V =29y

y=15m =3V =,/2x9,8x 15 =2V =17,2 m/s

4- Finding the time it takes to fall 25 m.

1 ’Zy
— _ 2 = |—=
y—zgt =t g

2%23

y=2m=>t= =t=2,3s

5- Finding the time it takes to reach a velocity of 29.4 m/s.

V=gt=t = v_294

p 9,_8:>t:38
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I11.1.2- Motion in two dimensions

The motion of a particle is described in a plane. Each point M is marked by its coordinates (x, y) in
the base (1, ) (Fig.7).

The position vector is defined by the origin point O and the components (X,y):

OM = xi+yj yooYy

)
(07(} Y
; e

x M, vy
— t
7 (3) Y,
0

. \ M,
|oM| = oM = /x% + y2
oM = |[oM|ju 0 " Fig7

= - - W
u is the unit vector: U = —
l[om||

- The displacement of M: AOM = OM, — OM, = Axi+Ay]J

- The elementary displacement of M: dOM = dx i + dy J
- The elementary surface: ds = dxdy.

. _’_dw_ﬂe ﬂ—)_.—) . >
The velocity vector: V= o Sttt Xy

V]| =V = &% + 52

- _—)_dzm_dZXﬁ dzy—>_..—> e =
- The acceleration vector: a = 7z = gzl Tzl TXItY]

lall = a= Vx> + y?

- Projectile motion
Any object that is thrown into the air is called a projectile.
Let us assume that at t = 0 the projectile leaves the origin (i.e. Xo = Yo = 0) with initial velocity VT,

that makes an angle 6, with the positive x direction as in Fig.8.

y 4




a,=0and a,=—g

Vo= Vyi+Vy,J , V. =Vocos8y , V, =V, sinb,

We decompose the horizontal motion and vertical motion as described below:

a,=0=V,=V, =VycosOyg=x=V, t=>x=(Vycosb)t

ay=-g =V, =V,—gt=>V,=Vysinfy—gt=y= (Vo sin@)t—5gt?

- Calculus of the horizontal range R (the distance traveled by the projectile when it returns to y =0)
after time t =T
Setx=Rattimet=Tandy =0
R=(VycosB0y) T
y = (V, sin ) T—%gT2 =0

2Vy sinfy
9
2V sin 00

=T =

R=(VycosOy) T=R=(Vy cosBy) ,2sinf, cosB, =sin20,

_ V§sin26,
g9
- Calculus of maximum height H:
we set V,, =0
. VO sin 00
V,=Vysinfy—gt=0=t= T
= H — (VO Sln 60) VO Sin90 _ lg (VO Sineo)z
g 2 g
_ V§ sin? 6,
= 29
- Equation of the Trajectory:
x=(VycosOy)t >t= 7o ::)500

X 9

cos2 8

. 1
Y= Vo sinb0)G—oon) =50 ooo)® =Y = — (o) x” + (1860) x
This can be written in the form y = ax? + bx, which is the equation of a parabola that passes

through the origin.
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111.1.3- Motion in three dimensions

Each point M is marked by its coordinates (X, y, z) in the base 7
(%7, ) (Fig.9).
The position vector is defined by the origin point O and the

components (X,y,2):

—

OM = xi + yj + zk

X
oM <y>
VA

[oM]| = oM = x% +y?2 + 22 Fig.9

oM = |[oM|[@

. ) N oM
u is the unit vector: 4 = —

[[omM]|
- The displacement of M: AOM = OM, — OM, = Ax i+ Ay j+Az k. So:

- The elementary displacement of M: dOM = dx 1+ dyj+dz kK
- The elementary surface: ds = dxdy (or: ds = dydz, or: ds = dzdx).
- The elementary volume dv = dxdydz.

. _’_dw_ﬂe ﬂ—) E_)_ . > . > .3
The velocity vector: V= bt dt]+dtk—xl+y]+zk

[l=v=(Zr7 )

d’oM d*x- d?
2 — 3l + _;’j + 2
dt dt dt dt

lall = a= (V¥?+5? +2)

d?z

- The acceleration vector: @ = k=3+y] + 2k

I11.2- Polar coordinates system
It is orthonormal. It consists of two unit vectors (u,, 1g) Which move with time.

Each point M is identified by its coordinates (p, 8) in the base (ii,, 1) (Fig. 10).

6 is the angle between OM and 7.

g is perpendicular to i,.

Fig. 10




Each point M is identified by its coordinates (p, ) in the base (ii,, i).
The position vector is defined by:
oM = pu,
_— p
o ()
o] = o = p

In the Cartesian reference frame: OM = x7 + yj

So we have:
{x = pcos0
y = psinf
tg0=§, p=+x%+ y?
U, = cosOi + sin@j
Ug = —sinO1 + cosOj

. _ du
Noted that: 1y = %

- The elementary displacement of M: dM = dpii, + pd6ii,
- The elementary surface: ds = p dpd@

- . y= 4OM _ d(pti,) _ dp
The velocity vector: V= == U

7] =v = [p% + (p6)?

] _, dv d(pii,+p6u
The acceleration vector: a = T w

+p ug =V= pup + pOii,

dp_,+ dﬁ+ 0 N dé) N odug

—
a =

— o —> .« = « — A Z—)
a=pu,+ p Ouyg+ pOuy + pluy — po - u,

a=(p—p6*)u,+ (2p 0 + pO)u,

jali=a= (Jo- 002" + 210+ p0?)

22



111.3- Cylindrical coordinates system
It is orthonormal. It consists of three unit vectors (ﬁp,ﬁgﬁ) which the two vectors (i, i) varies

with time while k is invariable (Fig.11).

Fig.11

Each point M is identified by its coordinates (p, 6, z) in the base (i, ﬁ’eﬁ).

6 is the angle between OM’ and 7, M' is the projection of M in the plane (xoy).

The position vector is defined from the origin point O and the components (p, 6, z):

OM = OM'+ M'M=0M = pii,+zk

_ [P
oM <0>
Z
0| = oM = \/p? + 22

In the Cartesian reference frame: OM = x7 + yj + zk
So we have :

y = psin0

{x = pcos0
z=12

OM = \/p? + z? ., p=+yxt+ y? tg0=)—{

- The elementary displacement of M: dOM = dp U, + pd6 Uy+dz k

- The elementary surface: ds =p d@dz (the side area)
23



- The elementary volume: dv =p dpdf@dz

- s dm d ﬁ+1i( dp — de _, .7 — P = .7
The velocity vector : V= e (pc‘l’t ):d—f“p“’aue +zk=>V=pu, +pOupg+ik

V]| =V = (\/pz + (p6)? + iz)

V _ d(pti,+p6tig++2K)

- The acceleration vector: a’= —
dt dt
> _dp Lduy, dpy ho o _, 5 dig  dz 2
= — —_— — — —t—
a dtup+p dt + (dt)eue +pdtue +p0 dt dtk

a=pl, + p Oty + pOUy + pOtip — p02U,+7 k

a=(p— pb?)u, + (2p 6 + pO)tp+7 k

3]l =a= J(p —p02)" +(2p 0 +p6)?2 + 2

I11.4- Spherical coordinates system
The spherical reference frame is orthonormal. It consists of three unit vectors (i, Ug U ) Which

vary with time.
Each point M is identified by its coordinates (r, 8, ®) in the base (i, U Us ) (Fig. 12).

0 = (0oz,oM)=[0, 7], ® = (ox,0M") = [0, 27|
Fig.12
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The position vector is defined from the origin point O and the components (r, 6, ®):

—_—

OM = ru,

r
O—M(G), (0<® < 2m) and (0<6 < )
@

|oM|| = oM = r

OM = OM' + M'M

OM' = r'(cos®di + sindj)
r’=rsin @
OM' = rsin 6(cos®1 + sin @) = rsin OcosPI + rsin 0sin ®f
M'M=rcos 0k

So: OM = rsin Ocos®i + rsin 8sin ®j+ rcos 0k

In the Cartesian reference frame: OM = x7+ yj + zk

We deduce that:

X = rsin Ocos®
y = rsin 0sin ®
Z =rcos 0

OM = rsin Ocos®i + rsin 0sin ®j+ rcos Ok= r(sin Ocos®i + sin 0sin ®j+ cos Ok) = ri,

=>O0M=ru,

/%2 2
r= x?+y2+1z2 p=yx2+y2 |, tng:i, tgﬁzgszer

Fig.13
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U, = cos®i + sin®j

U, = —sin®i + cos®j
Up = cosB U, — sin@ k= Uy= cos B cos® 1+ cos sin @ J —sinbk
U, = sin@ U, + cos@ k = 1, = sin 6 cos® 1+ sin O sin @ J+ cos B k

U, is the radial unit vector.

aﬁ — - - - - 5
a; = Uy=Cc0S 0 cosP 1+ cosSINn D J —sinOk
Ug is the ortho — radial vector.

1 dup_ 1 0,

Up= — = —L= —sin®1 + cos PJ
@ cos@ 0P sin@ 0P J

6ur 6ur

- The elementary displacement of M: doM = dri, + rdu, = dru, + r( deo + 5

dOM = drii, + r( d6-1g + sind chTid))

- The elementary surface: dS=r? sin@ d@ d®

- The elementary volume dV=r?dr sinf d@ d®

dOM _ d(ri,) _ dr_, du; _ dr,

; . — at, de aﬁrd_d>
The velocity vector : V= " % M troo =4

uy + (ae dt o dt)

V = U, + r(0u, + ®sindiy)

HVH =V = \/1’”2 + 1202 + r2d2(sind)?

- L a_dv
- The acceleration vector: d=—- = — (ru,. +1(0ty + Psind u¢))
a, = i — rd?(sin0)? — ro?
ag = 270 + r0 — rd*sin OcosO
ap = 27 Psind + rdsind + 2rddcoso

Ql
I

—

ldl =a= (Va,> + ag? + as?)
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I11.5- Intrinsic coordinate system (Frenet system)

The intrinsic coordinate system for each point of the trajectory is defined as a system of reference

formed by two axes (ur , uy) (Fig.14):

- Tangent axis: its direction is tangent to the trajectory and is positive in the same direction
than the velocity at that point. It is defined by the unit vector u;

- Normal axis: it is perpendicular to the trajectory and is positive toward the center of
curvature of the trajectory. It is defined by the unit vector uy

Fig.14

- Curvilinear abscissa
In this frame of reference, we define the curvilinear abscissa S of the point M along the trajectory as

being equal to the length of the arc MM’ . Noting that:

— dur . .

uy= % , R is the radius of curvature.
N 7 —_— das

The velocity vector: V =V ur, V = o

The acceleration vector:

dur

—_dV _dWVur) _ dv
- o dt

R
=— —Uu | %4
a= dt aurt

dﬁ)T_ dﬁT da_ _>da
dt  da dt . " ar

dii; = uyda
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dS = Rda

_ds
duT = Uy ﬁ

., dur
Uy = ERE
du; du;ds
dt  ds dt
du; duy
dt _ ds
du; V __,
dat  ®mW
., dv_, duy
A" Tar
. av_ V_
a= EuT + Vﬁu,v
Lodv_, V%,
a= EuT + R Uy
d = apur + ayuy
dav : .
ar = qr ; tangential acceleration
{ V2

k ay = ) ; normal acceleration

lall = a = yar? + ay?

I\VV- Curvilinear movement

IV.1- Circular movement

In this case, the trajectory is not a straight line, but a circle of radius R (R is constant) (Fig.15).

Fig. 15
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Using polar coordinates: OM = pii, = R,

doM _ d(Ri,)  dR_, do _, dR
= . __up+REug (R = constant= EZO)

The velocity vector V=

dt dt  dt
V= Reﬁ)g

|V|| = v = RO =Rw (§=w the angular velocity)

. _ dv d(R6u
The acceleration vector: a= i %

@ =R(—0%u, + aiiy) (0 = a angular acceleration)
ldll = a = R.|(62)" + (a)?

u

- Using intrinsic coordinates
p = —ﬁN’ ﬁg = ﬁT

V:Rél_ir

The acceleration vector: @ =R(6%uy + 6y)

_ RO
{ T T
2
B — N2 _ 2 _ 2
kaN =R RO a- —ar
2 " 0N\ 2 .
% = RGZ:;(R% = RO? = R = R (radius of curvature = radius of the circle)

The curvilinear abscissa:

ds _ de _ S yo_ (0 B
V=— RE:;dS—RdB:)fSOdS—faORdO:;S—SO—R(0—00)

t_
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1VV.2- Uniform circular motion
0 = wy=C", 6=0

; do 0 t
0= s = W():)foo de = fO Wodtz)e - 00 = wyt

=0 =wyt+ 0,
In polar coordinates : V= Rwoll,
a =R(—6%u, + 01uy)= —Rw,’ 1,
In intrinsic coordinates: V= Rwour
a= Rwy*uy

The curvilinear abscissa: s = R(0 — 0) + so= R(wgyt) + s¢

1VV.2.1- Accelerated uniform circular motion
P . _~te dw _ w _rt Q
0= ap=w =C* =>—=ao = wa dw = [ agdt = w-wo= aot
=W = a0t+W0
de ] t ] t
W=—> :’feo do = fo wdt :feo do = fo(aot + wp)dt
=0 — 9= agt? + wot = 0= agt? + wot + 6,

V): RéﬁT: RWl_l,)TD V: R(a0t+W0) ﬁ)T

av
{ aT:E:RaO

2

VZ
kaN = ﬁ = H = R(aot + Wo)z

S = R(0 — 8y) + So=S = R(5 aot? + wyt) +5;

IVV.2.2- Angular rotation velocity vector
Let the plane of motion be the (xoy) plane and (oz) the axis of

The angular velocity vector of rotation, or simply vector rotation iS W :
30
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w=wk

V= Rwiip= Rw (k A u,)= wk A Ru,

—_—

OM = Ru V=wAOM

= = —=WAOM
p dt
Z
Gl>
—
w
%ll
- K j__ ..... — —
Y "0
— —
i [T
X

Fig.16

IVV.3- Harmonic motion (rectilinear sinusoidal)
The motion of a solid is said to be rectilinear and sinusoidal if its time law is written in the form:

x(t) = xp,sin(wt + @g)

x: is also called the elongation of the solid at time t (m).
Xm - IS the amplitude of the movement (m).

@ = (wt + @) is the phase at time t (rad).

@, . initial phase, at t = 0 (rad).

w: is the pulsation of the movement (rad.s™).

Rectilinear motion is periodic and sinusoidal with period T = % (s) and a frequency f:% 27" (H2).

dx
V(t) = Frin WX cos(wt + @)

(t)_dv
a =1

B d*x
~dt?

= —w’x,sin(wt + @)= a=-w
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