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Chapter 1 (Part :2)
PATH INTEGRALS IN NON-RELATIVISTIC QUANTUM MECHANICS

Perturbation theory and generalized Green functions

|I_Perturbative expansion :
We consider a particle moves in potential V(qg,t) and the form Hamiltonian function
H(p,q) is:
252 H(p,q) Ssilaled) aall J<5 5V (q,t) 0l ae Jelily aun ias
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H(p,q)=;—m+v(q) 1)

We have seen that the propagator, in this case, can be written in the following form :
eSSy () (S Allad) sl b S0 ol Ll

K(a,t.q,,t)=N[D, exp{%s(q(t'))} (2)

Where the classical action is given by :
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And
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We can write the exponent function exp{%s(q(t'))} as :

exp {% S(q (t))} = exp {éj%(d?j—(tt)}z dt} exp{— %JEV (g, t)dt} (5)

g g

It is possible to expand the second term as follows :
releS SUl a8 oSy
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exp{—%.[v(q,t)dt} = 1—%ij (g,t)dt —Elz{fv(q,t)dtJ +on (6)
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Which allows us to write the expanded propagator as follows :
rehleS o pdall Ll SUl 4US) e Las

K(@t,a.)=N[D, eXp{;st(q(t-»}{l;jvm,t)dt%[ivm,odtj ] @

Of course, the first term for the Eq.(7) is just the free propagator, we introduce the
following notations :
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K,(a.t.0;.t)= —%ZJDq exp{%So(q(t'))}(IV(q,t)dtJ




Where K (a,t,q,.t,) and K,(q.t,q,.t,) are known by first-order propagator and second-order
propagator, respectively. It is possible to rewrite the first order propagator as follows :
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If we use the approximation :
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I qtdt~Zan .) (10)

The Eq. (9) will be to the following form :
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Homework :

Show that the first order propagator as follows expressed in Eq. (11) can be rewritten as
follow :

Kl(q,t,qi’ti)‘——LImZUquk q t,q,, )\/(qa’ta)KO(qa’ta’qi’ti)] (12)
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Where
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Ko(a.t,a,.t,)=N

Here K,(q,.t,,q,.t;) present the free propagator between initial coordinates (q;,,t,) and
intermediate coordinates (q,,t,) while K,(a.t,q,,t,) is the free propagator between
intermediate coordinates (q,,t,) and finale coordinates (q,t), in the intermediate coordinates
the reaction is done with the potential v(q,,t,). Based on the Egs. (12) and (13) one can be
established the first order propagator as follows :
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Homework :
Similarly, show that the second-order propagator can be written as follow :
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Allowing to gets the expanded propagator as a sum of the free propagator and the first
order propagator in addition to the second-order propagator and other terms which
Importances not interesting physically as follows:
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It is possible to rewrite the expanded propagator as :
eS| suinall 3Ll 4 sale | eyl
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With U = —%v , we rewrite Eq. (17) as follows:
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K(qf L 7qi’ti): Ko(Qf L ’qi'ti)+ KoU (K, +UKU +.....) (18)

We replace (K, +UK,U +....) by K, allows us to gets the following results:
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K(a ot oty )= Kot a5t )+ Ko @ty 0t (a, K (a1, 0,0t (19)

This is known by the Bethe-Salpeter equation. The integral form of the Bethe-Salpeter
equation is given by :
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By using the ondulation equation which we have seen in the first chapter :
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The Bethe-Salpeter equation also can be rewritten in the following equivalent form :
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I1_Generalized Green functions :
The ground state to ground state amplitude :

We have seen that in the first chapter, in Eq. (34), in the quadratic case, the propagator
K(a,t,q,.t,) was written as follows :

S AW a3 K (gt g t) oS O (34) Aaladl) 3 V) Jaadll b L)y 8 LS

K(at.6.t)=[D,[D, exp{%j.dt'[p(t')dq—(fl)— H (p(t'),q(t'))}} (Ch_1:34)

dt

Here D, quk and D _szﬁ'h

1=1

. If an external source term, or deriving force, - J(tq),

is added to the Hamiltonian function H(p,q) in (Ch_1:34) the transition amplitude (q;,t,(q,t)’
in the presence of deriving force is given by :
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The ground state to ground state amplitude W[J] is defined as :
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W[3]= Lim(atlat) (24)
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Thus, the ground state to ground state amplitude W[J] is given by :

fobleS W] Al el dass e dia
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W[J]:NJ'DQIDPexp{g;!'dt(pa—H(p,qHqu} (25)
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In the quadratic case H(p,q)= Zp—+v(q), the ground state to ground state amplitude w[J] in
m

Eq . (25) reduced to the following form :

£ - - 2 - - .
: )OS W3] A A s i H(p,q)=2p_+v(q) ISl (ya (i silialell i dlla b
m

W[J]:NJ'Dq exp{%jdt(pi—?—H(p,qﬁqu} (26)

The time ordering operation T is defined as :

feleS Capm T L) G yiall a5 i

3 A _ QH (tl)(jH (tz) for t, >
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The object (gt [T (G, (t, ), (t.)) a.t) is given by :
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With
Q. (t)a.t) =q(t)at) (24)

When we make the two simultaneously limits t —-o and t-—+x of the object,
(g, 4 [T (QH (t,)Q, (tl))q,t> we obtain the expectation value in the ground state of the time-ordered
product of two operators <0|T((jH (t,)Q, (tl)) 0) as follows :

Aadl) e Joaas <qi'ti |T(QH (tZ)QH (tl))q!t> Gt 400 5t — —o0 (il yiall iledl) jati ladie
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The connection between the ground state of the time-ordered product of two operators
<0|T((§H (t,)Q, (tl))0> and the ground state to ground state amplitude w[J] is :

A Gk oo (0T (G (1), (1)) 0) Ao sl Aailly W3] Juain¥) s Las 5
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The result obtained in Eq. (23) is easily generalized to a time-ordered product of any
number n of operators as follows :

1AL @ ji3all a0 23 (Y Leapand Jgmdl (1o (23) Alalaal) b Lesde Joasiall i
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2
In the quadratic case H(p,q):zp—+V(q), the time-ordered product of any number n of
m

operators (q;,t, |T(QH (t )..Q,(t, )0, (tl))q,t> in Eq . (27) reduced to the following form :

2

Aabaall b ) i5all e 0 el st ) figa, H(p,q):;—m+v(q) JSE e i silialel) i dlla
Sl JSEL uay (27)

h dt
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(6,4, (G (t, -G (10, () a.t) = N DqQ(tz)q(tn)---Q(tl)exp{ijdt( pdd_ H(p,q)j} (28)

Now, (O[T (QH (t, )..Q, (t, )Q, (tl)) 0) is the expectation value in the ground state of the time-
ordered product of noperators can be obtained by generalizing the formula (26) :

1(26) Mabadl aany Lele Jemni S350l o 1 A (O[T(Gy )Gy (1,0, (1)) 0) xd sl asill 39

00000 )3, )]0 = iy S0 (29)

The amplitude W/[J] is used to generate the Green functions.
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