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1 Generalities on fuzzy sets

This chapter reviews the concepts and notations of sets, and then introduces
the concepts of fuzzy sets. The concept of fuzzy sets is a generalisation of
the crisp sets.

1.1. Crisp sets

Before starting the definition of fuzzy subset, we first take care of the
classical set and its properties.

The concept of a set is one of the most fundamental in mathematics. Devel-
oped at the end of the 19th century, set theory is now a ubiquitous part
of mathematics, and can be used as a foundation from which nearly all of
mathematics can be derived.

Etymology: The German word Menge, rendered as ”"set” in English,
was coined by Bernard Bolzano in his work The Paradoxes of the Infi-
nite.

Definition 1.1. A set is a well-defined collection of distinct objects. The
objects that make up a set (also known as the set’s elements or members)
can be anything: numbers, people, letters of the alphabet, other sets, and so
on. Georg Cantor, one of the founders of set theory.

A set can be written:

In extension: We give the list of its elements. For example, if a1, a2, as, ..., ay
are the elements of set A, we write:

A= {al,ag,ag, e ,an}.

In understanding: We give the property or properties that characterize its

elements. For example, if the elements of the set B satisfying the conditions
P, P, Ps,..., P, then the set B is defined by:

B = {b/b satisfied Py, Py, Ps,...,P,}.

In Characteristic Function: A classical subset A of X is defined by a
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characteristic function x4

xa: X — {0,1}
r — xa(x)

Notation 1.1.
o A={(x,xa(z)),x € X} is crisp set

o P(X) ={xa/AC X}
Example 1.1. (finite case)

1- The set F' of the twenty smallest integers that are four less than perfect
squares can be written:

F = {n2 —4:n is an integer, and 0 <n < 19}

2- A is the set whose members are the first four positive integers.
Example 1.2. (infinite case)
Definition 1.2. (power set) The power set of a set S is the set of all
subsets of S, including S itself and the empty set.
Remark 1.1. 1. The power set of a set S usually written as P(.5).

2. The power set of a finite set with n elements has 2™ elements.

3. The power set of an infinite (either countable or uncountable) set is
always uncountable.
Example 1.3. 1. The power set of the set {1,2,3} is {{1, 2,3}, {1, 2}, {1, 3},
{2,3},{1},{2}, {3}, ¢}-

2. The set {1,2,3} contains three elements, and the power set shown
above contains 23 = 8 elements.
Definition 1.3. (cardinality)The cardinality | S | of a set S is”the number
of members of S.” For example, if B = {blue, white, red},| B |= 3.
There is a unique set with no members and zero cardinality, which is called
the empty set (or the null set).

The concept of the fuzzy subset was introduced by Zadeh [19] as a general-
ization of the notion of the classical set.
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1.2. Basic concepts of fuzzy sets

1.2.1. Membership functions

Definition 1.4. [19] A fuzzy set A is characterized by a generalized char-
acteristic function pa: X — [0,1], called the membership function of A
and defined over a universe of discourse X.
Remark 1.2.
pa: X —  [0,1]
r — pa(z)

® 14 is called the membership function of A

e 14(x) is called the membership degree of z in A

Notation 1.2.

o A={(z,pa(z)),z € X} is fuzzy set
by convention

A= Z palzi) in the discrete case
reX Ti
A= “AT(QC) in the continues case

o F(X) is the set of all fuzzy subsets of X
Example 1.4. X = {motorbike, car, train} means of transport,
A: subset of X, the means of fast transport
A = {(motorbike,0.7), (car,0.5), (train, 1)}
Example 1.5. [2] Let X the set of all possible ages of people.

1 if <25
Y(r)=1¢ 4=2 if 25<2<40
0 if 40 <z

Y (z) is the degree of belonging of = to the set young people
Example 1.6. Let’s define a fuzzy set A = {real number very near 0} can

3
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Figure 1.1: A membership function for ”Young”

be defined and its membership function is

pale) = (=)

It is easy to calculate pa(l) = 0.25, pa(2) = 0.04, pa(3) =0.01

Example 1.7. Consider a universal set X which is defined on the age

domain.

X = {5,15,25,35,45,55,65,75,85}, and u : X — [0,1] the membership

function given by
Age | Infant | Young | Adult | Senior
5 | 0.00 0.00 0.00 0.00
15 | 0.00 0.20 0.10 0.00
25 1 0.00 1.00 0.90 0.00
35 | 0.00 0.80 1.00 0.00
45 1 0.00 0.40 1.00 0.10
55 | 0.00 0.10 1.00 0.20
65 | 0.00 0.00 1.00 0.60
75 1 0.00 0.00 1.00 1.00
85 | 0.00 0.00 1.00 1.00
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1.3. Fuzzy sets operations

1.3.1. Standard Operations

Let F'(x) denote the collection of all fuzzy sets on a given universe of dis-
course X.

The basic connectives in fuzzy set theory are inclusion, union, intersection,
and complementation. When Zadeh introduced these operations, he based
union and intersection connectives on the max and min operations.

e Inclusion: Let A, B € F(X). We say that the set A is included in B
if
A(z) < B(z),Vz € X.

The empty (fuzzy) set () is defined as ((z) = 0,Vz € X, and the total
set x is X(x) = 1,Vx € X.

o Intersection: Let A, B € F(X). The intersection of A and B is the
fuzzy set C' with

C(z) = min{A(z), B(x)} = A(z) A B(z),Vz € X.

We denote C = A A B.

e Union: Let A, B € F(X).The union of A and B is the fuzzy set D
with
D(x) = maz{A(z), B(z)} = A(z) V B(x), Yz € X.

We denote D = AV B.

o Complementation: Let A € F(X) be a fuzzy set. The complement
of A is the fuzzy set B given by

B(z) =1- A(x),Vz € X.

We denote B = A.
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Example 1.8. If we consider the fuzzy sets

1 if
Ai(x) = 1-— 738;050 if
0 if
if
x—50 Zf
As(z) = 0 o
1 - 361060 if
0 if
then their union is
1
—50
1 - mlO
(A1 V Ag)(x) = x;go
1— z—60
10
0

The intersection can be expressed as

The complement of A1 can be written

40 <z < 50
50 <z <60
60 < 2 <100

40 <z <50
50 < x < 60
60 <x <70
70 <z <100

40 < x < 50
50 < x < 55
55 < x <60
60 <x <70
70 < x <100

40 <z < 50
50 < x < 55
55 < x < 60
60 < x <100

0 if 40 <x <50
Ay(z) = 220 if 50 <z <60
1 if 60 <z <100
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Figure 1.2: Fuzzy Intersection
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Figure 1.3: Fuzzy Union

1.3.2. Fuzzy complement

Complement set A of set A carries the sense of negation. Complement set
may be defined by the following function C.

C:[0,1] — [0,1]

Definition 1.5. [9] The complement function C' is designed to map mem-
bership function pa(x)of fuzzy set A to [0,1] and the mapped value is written
as C (pa(x)). To be a fuzzy complement function, four axioms should be
satisfied.

(Axiom C1) C(0) =1, C(1) =0 (boundary condition)
(Axiom C2)(monotonic nonicreasing), a,b € [0, 1]

if a < b, then C(a) > C(b)
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Figure 1.4: The complement of a fuzzy set

(Axiom C3) Cis a continuous function.
(Axiom C4) C is involutive.

C(C(a)) = a for all a € [0,1]
Remark 1.3. C'1 and C2 are fundamental requisites to be a complement
function. These two axioms are called "axiomatic skeleton”.

Example of Complement Function

Above four axioms hold in standard complement operator

C(pa(z)) =1—pa(z) or pz(z)=1-pa(z)

this standard function is shown in (Figure (1.5))
Proposition 1.1. [9] The function defined by

Cula) = (1 —a")w

is a megation, called Yager’s function.

Proof.

1. Cw(0) =1,C4(1) =0. (boundary condition )
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Cia) l

Cla) = -a

Figure 1.5: Standard complement set function

2. a,b€[0,1] if @ < b, then

a’ <b=1—-a">1-b"
= ((1—a")w) > ((1—b")w)
= Cyla) > Cy(d)

3. C involutive

4. C'is a continuous function.
The shape of the function is dependent on the parameter (Figure(1.6)) O
Remark 1.4. (i) When w =1, the Yager’s function becomes the stan-
dard complement function c(a) =1 — a.
(ii) The fuzzy complement function C' is not unique see Figure(1.6)

Proposition 1.2. (Fundamental properties of fuzzy sets operations)
Let A,B,C € F(X), we have the following propriety:
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Figure 1.6: Yager complement function
Involution A=A
Commutativity AUB=BUAANB=BNA
Associativity (AUB)UC =AU (BUC) and
(AnB)NC=ANn(BNCOC)
P AN(BUC)=(ANB)U(ANCQC)
Distributivity
AU(BNC)=(AUuB)N(AUCQ)
Absorption AU(ANB)=A,ANn(AUB)=A
Idempotence AUA=AANA=A
Absorption by X and O | Ax X =X, ANn0=10
Identity Aufh=A
Law of contradiction ANA=0
Law of excluded middle AU A =X
De Morgan’s laws ANB=AUBand AUB=ANB

Remark 1.5. The two principles of classical logic (the non contradiction
and the excluded teirs) no longer remains valid in the theory of fuzzy sets

ie. ANA#(D,AUA#X.

Example 1.9. let X = {smal, medium, large} with
pa = (z,pa(z)) = {(smal,0.3), (medium, 1), (large, 0.6) }.
pi(x) =1—pa(z) = {(smal,0.7), (medium,0), (small, 0.4)}.

Hence, paNpg =

10

(smal,0.3), (medium,0), (large, 0.4)}.
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then, ANA#0, and AU A # X. So, min and maz is not checked.

Fuzzy partition

Let A be a crisp set in universal set X and A be a complement set of A.
The conditions A # @ and A # X result in couple the (A, A) which
decomposes X into 2 subsets.

Definition 1.6. (Fuzzy partition) In the same manner, consider a fuzzy
set satisfying A # 0 and A # X. The pair (A, A) is defined as fuzzy partition.
Usually, if m subsets are defined in X, m-tuple (A1, Aa, As, ..., A,) holding
the following conditions is called a fuzzy partition.

(i) Vi, A #0,
(ii) AinNA;j=0 for i#j,

(iti) VreX, Y pa(z)=1
=0

1.3.3. Characteristics of fuzzy subsets

In this section, we will give definitions for characteristics of fuzzy sets :
support, kernel, height and cardinality of a fuzzy subset, and we will give
an example and proposition.

Definition 1.7. [16] (Support of fuzzy subset) Let A be a fuzzy set on
a set X. The support of A is the crisp subset on X given by

Supp(A) =A{z € X/pa(z) > 0}
Definition 1.8. [16] (Kernel of a fuzzy subset)Let A be a fuzzy set on
a set X. The kernel of A is the crisp subset on X given by

Ker(A) ={z € X/pa(z) =1}
Definition 1.9. [16] (Height of fuzzy subset) Let A be a fuzzy set on a
set X. The height of A is the highest value taken by its membership function

11



CHAPTER 1. GENERALITIES ON FUZZY SETS

given by
H(4) = suplpa(z)/z € X}

Definition 1.10. A fuzzy subset A is said to be normal whenever Ht(A) =
1.

Definition 1.11. [19] (Cardinality of a fuzzy subset)The cardinality
of a finite fuzzy subset A denoted | A | is defined by

A= palz)

zeX

Example 1.10. Let X = [0,1] with o, € R and let a,b € R. We define
the fuzzy set A on X by

0, ifr<a—aorb+p<ux
1, ifa<z<d
1+(2%), if a—a<z<a

1—(%), if b<z<b+p

pa(r) =

Then Ker(A) =[0,1], Supp(A) = [a — a,b+ 5] and H(A) = 1.

Example 1.11. Let X = {1,2,...,6}, and A be a fuzzy set of X given by:

A= {{z,ua(z))} ={(1,0.2),(2,0.0), (3,0.8), (4,1.0), (5,0.5), (6,1.0) }.
Then supp(A) = {1,3,4,5,6}, Ker(A) ={4,6}, H(A) = {1},| A |=3.5.

Proposition 1.3. [21] Let A a fuzzy subset of X. The kernel and support
of a fuzzy subset verify the following properties:

supp(A°©) = (ker(A))*
ker(A°) = (supp(A))*

12
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1.3.4. Other fuzzy subset operations
Disjunctive sum

The disjunctive sum is the name of operation corresponding ”exclusive OR”
logic. And it is expressed as the following((Figure (1.7))

A®B=(ANB)U(ANDB)

A

ap

Figure 1.7: Disjunctive sum of two sets

Definition 1.12. [9] (Simple disjunctive sum)By means of fuzzy union
and fuzzy intersection, the definition of the disjunctive sum in a fuzzy set is
allowed just like in the crisp set.

A®B=(ANB)U(ANB), then

iaon(@) = Maz{Minlua(2),1 — pup(@)], Min[l — pa(e), ()]}
Example 1.12. Here goes procedures obtaining disjunctive sum of A and
B.

A= {(1‘1, 0.2), (xg, 0.7), (1‘3, 1), (334, 0)}

B = {(:L’l, 0.5), (xg, 0.3), (1’3, 1), (JZ4, 01)}

consequence,

A®B=(ANB)U(ANB) = {(x1,0.5), (x2,0.7), (x3,0), (x4,0.1)}
Definition 1.13. [9] (Disjoint sum) We can define an operator A for
the exclusive OR disjoint sum as follows.

paap(x) =| pa(z) — pa(x) |

Difference in Fuzzy Set
The difference in crisp set is defined by
A-B=ANB

13
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Figure 1.8: Example of simple disjunctive sum

In a fuzzy set, there are two means of obtaining the difference

(1) Simple difference

Example 1.13. By using standard complement and intersection operations,
the difference operation would be simple. If we reconsider the previews
example, A — B would be, (Figure(1.9))

A ={(x1,0.2), (x2,0.7), (z3,1), (24,0)}

B= {(l’l, 0.5), (.1‘2, 0.3), (xg, 1), (1'4, 0.1)}

B = {(21,0.5), (x2,0.7), (z3,0), (x4,0.9)}
A—B=ANB={(x1,0.2),(x2,0.7), (x3,0), (x4,0) }

(2) Bounded difference
Definition 1.14. [9] (Bounded difference) For novice-operator 0, we
define the membership function as,

paop(x) = Maz(0, pa(z) — pp(x)]

Distance in Fuzzy Set

The concept ’distance’ is designated to describe the difference. Measures
for distance are defined in the following.
(1)Hamming distance

14
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Figure 1.9: Simple difference A — B

This concept is marked as,
n
B) = | palai) — pp(w:) |
i=0

Example 1.14. Following A and B for instance,

A= {(331,0.4) (xg, 0. 8) (1‘3, ) (334; 0)}

B = {(.%‘1, 0.4), (332, 0.3), (.’L‘3, O), (1‘4; 0)}
d(A,B)=|0|+]05]|+|1]+]0|=15

Remark 1.6. Hamming distance contains the usual mathematical senses
of ’distance’

(2)Euclidean distance

n
Z NA 351 :LLB 1:1))2
=0

Example 1.15. Fuclidean distance between sets A and B wused for the
previous Hamming distance is

e(A, B) = V02 +0.52 + 12 + 02

(3)Minkowski distance

15
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d(A,B) = (3 | palz) — up()) [“)w, w e [1,00]
zeX

Generalizing Hamming distance and Euclidean distance results in Minkowski
distance. It becomes the Hamming distance for w = 1 while the Euclidean

distance for w = 2.

Cartesian product and Projection of fuzzy subsets

Definition 1.15. [22] (Cartesian product)The Cartesian product applied
ton fuzzy sets can be defined as follows: Let pa, (x), pa,(x), tas (), ..., pra, ()
as membership function of Ay, As, As, ..., A,. Then, the membership degree
of (x1,...,2pn) € X1 X ... Xx X, on the fuzzy sets A; X ... X A, is,

HAI X AgX...x Ay, = min[ﬂfh (x1)7 e HA, (xn)]

Example 1.16. Lets X = {x1, 22,23}, Y = {y1,y2, } and lets A;, Ay are
two fuzzy subsets respectively defined on X and Y given by :

Ay = {{x1,0.1); (x2,0.4); (x3,0.75) }, and Ay = {(y1,0.2); (y2,0.6) }.

So, we find:

Ay xA; = {{(z1,91),0.1); {(z1,¥2), 0.1); {(22, ¥1), 0.2); (22, y2), 0.4);

<(.1‘3, y1)> O2>a <($3, y2)7 O6>}
Definition 1.16. (Power of fuzzy sets)The second power of fuzzy set

A is defined by:
paz(@) = [pa(x))?, Vre X

Similarly, m* power of fuzzy set A™ may be computed as,

pam(x) = [pa(x)]™, Ve X.

Let A be a fuzzy subset defined on a universe X7 x X cartesian product of
two reference sets X7 and Xo.

Definition 1.17. [11] (Projection of fuzzy subsets) The projection on
X1 of the fuzzy set A of X1 x Xy is the fuzzy set Projx,(A) of X1, whose
the membership function is defined by

Va1 € X1, Wprojy, (a)(@1) = sup pa(@1, v2).
r2€ X2

16
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We define analogously the projection of A on Xs.

1.3.5. Representation of fuzzy subset from classical subsets

Alpha-cuts of a Fuzzy sets

One of the most important concepts of fuzzy sets is the concept of an a-cuts
and it’s variant.

Definition 1.18. [9] For a given fuzzy set A on a universe X, The a-cuts
of A, written A, is defined as

Ay ={z € X, pa(x) > a}, for aecl0,1]

particular cases:

(1) if a=0, then Ag =X

(2) if a =1, then Ay = ker(A)

Remark 1.7. if A is a crisp set then supp(A) = ker(A) = A= A,
Example 1.17. let X = {1,2,3,...,10}, and A be a fuzzy subset of X given
by

A={<1;02><2,05><3;08><4;1><507><6;03 ><
7,0 >,<8;0>,<9;0>,<10;0 >}

the a-cuts of A:

Ag=X

Ago = {1‘ € X,A(a;) > 02} = {1,2,3,4,5,6}
Ags = {z € X, A(z) > 0.3} = {2,3,4,5,6}
Ags = {z € X, A(z) > 0.5} = {2,3,4,5}
Ag7 = {$ € X,A(.%') > 02} = {3,4,5}

Apgg = {.CL’ S X,A(:L’) > 0.2} = {3,4}

A= {ze X, Alx) > 1} = {4)

Properties 1.1. (Basic properties of a-cuts)Let A, B are two a fuzzy
subset on a universe X and «, 3 € [0,1]

(1) if a < B, then Ag C A,

(2) (ANDB)y, = AysN B,

(3) (AUB)y = AqU B,

Definition 1.19. (The strong a-cuts)For any « of [0, 1], we define the

17
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strong a-cut of the fuzzy subset A as the subset

A ={x e X, pa(z) > a}
Remark 1.8. The strong a-cuts have the same properties as the a-cuts.

Representation of a fuzzy set by means of its a-cuts

Theorem 1.1. (Decomposition theorem)Any fuzzy subset A of the ref-
erence set X 1is defined from its a-cuts by:

Ve e X pa(x) = sup a.xa,(z).
0<a<l

XAe 18 the characteristic function of A“.

Proof. Let z € X and put u(x) = a, o € [0, 1] we have,

{ pa(z) =1 if pa(z) > o
Ha(@) =0 if pale) < @
So, apta(z) = a = u(a);

From where,

sup (apa(x)) > p(x) ... (%)
a€(0,1]

On the other hand we have:

fa(@) =1 if pale) > a,

for all « € [07 1]’ { MQ(:[;) =0 ’Lf /.La(.’L') < .

we have two cases: afo(z) < a Va € [0,1]

Hence,
sup  (apa(x)) < p(x) ... (%)
a€l0,1]
According to (%) and (xx) then Vo € X pu(x) = sup (apq(x)) O
a€l0,1]

Example 1.18. Let X be the set of some countries
X = {Germany, Belgium, Spain, France, G-Brittany, Italy}. We can take the
fuzzy subset associated with the “southern” property:

18
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A={<G,0><B,0><851><F08><GB,0><1I,1>},

and build it 1-cut Ay = {S,1I}identical to its core, as well as it 0.8-cut
Aos = {S, F, I}, which is identical to all a-cuts, for all 0 < o < 0.8. It
0-cut Ag = X himself.

So we get
pa(G) = mazx(l x0,...,0.1 x0,0 x 1) =0,
pua(B) =max(lx0,..,0,1x0,0x1)=0,
wa(S) =mazx(l x1,..,0x1)=1.0,
pa(F) =mazx(l x0,0.9x0,08x1,...,0x1)=0.8,
ua(GB) =max(l x0,...,0.1 x 0,0 x 1) =0,
pua(l) =max(l x1,...,0x1)=1.

Which provides the definition of A.

19
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