
X Y (Ω,P(Ω), P )

X(Ω) = {xi/i ∈ I} Y (Ω) = {yj/j ∈ J}

(X,Y )

pij = P (X = xi Y = yj)

Pmarg(X = xi) =
∑
j∈J

pij

Pmarg(Y = yj) =
∑
i∈I

pij

X Y = yj P (Y = yj) > 0

P (X = xi|Y = yj) =
P (X = xi Y = yj)

P (Y = yj)
=

pij
Pmarg(Y = yj)

Y X = xi P (X = xi) > 0

P (Y = yj |X = xi) =
P (X = xi Y = yj)

P (X = xi)
=

pij
Pmarg(X = xi)

∑
(i,j)∈I×J pij = 1



X Y = yj

E[X|Y = yj ] =
∑
i∈I

xiP (X = xi|Y = yj) =

∑
i∈I

xiPij

∑
k

Pkj

X Y = yj

V ar[X|Y = yj ] = E[(X − E(X|Y = yj)
2|Y = yj ]

(X,Y )

∀(x, y) ∈ R2, FX,Y (x, y) = P (X ≤ x Y ≤ y)

X

∀x ∈ R, FX(x) =
∑
xi≤x

P (X = xi)

Y

∀y ∈ R, FY (y) =
∑
yj≤y

P (Y = yj)

X Y
(Ω,P(Ω), P ) X

Y

cov(X,Y ) = E[(X − E[X])(Y − E[Y ])] = E[XY ]− E[X]E[Y ]

X Y cov(X,Y ) = 0

X Y

ρ(X,Y ) =
cov(X,Y )

σXσY

X Y

∀xi ∈ X(Ω) ∀yj ∈ Y (Ω), P (X = xietY = yj) = P (X = xi) · P (Y = yj)

X Y



FXY (x, y) = FX(x) · FY (y)

X Y N

X(Ω) ∈ N Y (Ω) ∈ N X + Y N

∀n ∈ N, P (X + Y = n) =
∑

i+j=n

P (X = ietY = j)

X Y X + Y

X Y

∀n ∈ N, P (X + Y = n) =
∑

i+j=n

P (X = i) · P (Y = j)

X Y

X Y FXY

(X,Y )

FXY (x, y) = P (X ≤ x, Y ≤ y)

FXY

(X,Y ) x y (X,Y )

f(x, y) = ∂FXY (x,y)
∂x∂y

(X,Y ) f

fmargX(x) =

∫ +∞

−∞
fXY (x, y)dy

fmargY (y) =

∫ +∞

−∞
fXY (x, y)dx

X Y = y

fmargX(x|Y = y) =
f(x, y)

fX(y)

Y X = x

fmargX(x|Y = y) =
f(x, y)

fX(y)



X Y = y

E[X|Y = y] =

∫ +∞

−∞
xfmargX(x|Y = y)dx

Y X = x

E[Y |X = x] =

∫ +∞

−∞
yfmargY (y|X = x)dy

X Y

E[X|Y ] = ϕ(Y ),

ϕ : R → R ϕ(y) = E[X|Y = y]

(X,Y )

∀(x, y) ∈ R2, FX,Y (x, y) = P (X ≤ x Y ≤ y)

X

∀x ∈ R, FX(x) = P (X ≤ x)

Y

∀y ∈ R, FY (y) = P (Y =≤ y)

(X,Y )

fXY X Y

fXY (x, y) = fmargX(x) · fmargY (y)

∀xi ∈ X(Ω) ∀yj ∈ Y (Ω), P (X = xietY = yj) = P (X = xi) · P (Y = yj)

X Y

FXY (x, y) = FX(x) · FY (y)

(X,Y )

fXY X + Y N

fX+Y (s) =

∫ +∞

−∞
fXY (s− t, t)dt =

∫ +∞

−∞
fXY (t, s− t)dt

X Y X + Y

X Y

fX+Y (s) =

∫ +∞

−∞
fmargX(s− t)fmargY (t)dt




