Chapitre 4

PROGRAMMATION DYNAMIQUE



Introduction

[La programmation dynamigue est un paradigme de conception
d’algorithmes permettant de résoudre les problemes
(d’optimisation en particulier ) pouvant étre dECOMPOSES €N SOUS
problemes guirchevauchent et gquisatisfont un critere dit principe
d’optimalité de Bellman : si le probleme peut etre formulé comme
un graphe multietages (ou la solution est une suite de decisions)
alors une portion d’une solution optimale est elle aussi optimale.
C’est une méthode exacte iterative considéree comme cas
particulier du paradigme “diviser pour regner”.

PFINCIPE :

Onidecompose le probleme Lia resoudre en sous problemes plus
simples (Similaires au problem nitial).

On trouve, recursivement, la solution des sous problemes (sauf: si
le probleme est trivial, augquel’cas on calcule directement la
solution).

On combine les solutions des sous problemes pour: obtenir la
solution du probleme mitial.



Introduction

o InVventee par le mathematicien americain Richard Bellman dans
les années S0 pour la résolution des problemes d’optimisation;:

o programmation veut dire ici “planification”

o cdemarche :

- Etablir une equation de recurrence exprimant la solution
d’un sous probleme en fonction de celles de ses
predecesseurs (O SUCCESSEULS).

- Resoudre les sous problemes recursivement;

- Stocker: leurs solutions dans une table

- Relever: de cette table la solution du probleme pose.



Exemple 1 & suite de Fibonacci
o definmition::

F(n) = F(n-1) + F(n-2)

=(0) =0

=EN=

» Computing the Nt Eibonaccr nUMPEr: recursively (top-cdown):

F(n-2) + K(0N-3) Fn-3) + K(n-4)



Exemple 1 & suite de Fibonacci

Computing the N Eibonacci number: using bottom-up iteration and
recording results:

F(0)=0
F() =1
F@2)=1+0=1

i:.in-Z) -
F(n-1) =
F(n) = F(n-1) + F(n-2)

Efficiency: _
- time n What if we solve
- Space n

It recursively?



Examples ofi DR algorithms
» Coefficient binomial
» Plus longue sous Seguence commune

» Algorithme de warshall’s pour la cloture transitive

Algorithme de floyd’s pour: Ies plus courts chemins

Construction d’un arbre binaire de recherche optimale

Probleme du sac a dos

Probleme du voyageur: de Commerce



Computing a binomial coefficient by DP

Binomial coefficients are coefficients ofi the binomial formula:
(@ +h)"=C(n,0)a™k’ + ... + C(nKar b+ ... + C(n,n)a’h"

peev prepless O, %) = €(n-1k %) = el =) o nl > > 0)
C(n,0) =1, E,n)="1 jorn =0

\alue ofi C(n, k) can be computed by filling a table:
0L 2. .. k-l K

O

=1 1

nl-l C(n-1,k-1) C(n-1 k)
n C(n.k)



Computing C(n,k): pseucocode and analysis

ALGORITHM Binomial(n, k)

//[Computes C(n, k) by the dynamic programming algorithm
/[Input: A pair of nonnegative integers n > k > 0
//Output: The value of C(n, k)
fori < Otondo
for j < 0 to min(i, k) do
¥ j=00rj=i
Cli, j] <1

else Cli, jl< Cli—1,j—=1]+C[i -1, j]

return C|n, k|

Time efficiency: ©(nk)
Space efficiency: ©(nk)




Knapsack Problem by DP

Given nitems of
INteger Weights:s: Wy W, ... w,
Values: Vi o ...

a knapsack ofi integer: capacity \W
find most valuable subset ofithe items that fit into the knapsack

Consider imstance defined by first i items and capacity | (j = \W).
et V(i;j] be optimal valtie ofisuch an instance. Tihen
bV I A =TGR
Vi~ {
A=l iR WEs 0
Initial conaitions: \A 0] = 0" ancd \A{ 0} =



Knapsack Problem by DP (example)

Example: Knapsack of capacity W=5
item_ weight _ value

il 2 $12
2 il $10
3 3 $20
4 2 $15 capacity |
o 1 2 3 4 5
0 00 O
w,=2,V;=12 1 0 0 12

W2:1, V2: 10 2 0 10 12 22 22 22 Backtracing

wW,=3,V;=20 3 0 10 12 22 30 32 finqlstheactual
" optimal subset,

W, =2, V,=15 4 7 i.e. solution.



Knapsack Problem by DP (psetidocode)

Algorithm DPKnapsack(w[d..n], v[(L.n], W)
var V{0..n,0.\W{, P{Ll.n,1. \W]=int
for j:= 0'to \W-do

V][04l =0
for 1= 0'to n do Running time and space:
\V[i;0] := 0 O(nW).

fori:=1tondo
for j:== 1to\W-do
it wli] < jrand v + V=1 -wii]] > Vi=1,j] then
Vgl = v + V=L wii s Pyl = j-wii
else
VIl = VI-Lgl; Pligl =)
return \Vn,\W] and the optimal subset by backtracing



[Longest Common Sulbsequence (ILCS)

A subseguence ofia sequence/string S'Is obtained by
deleting zero or more symbols from S. For example, the
following are subsequences of “president”: pred, sdn,
predent. In other Words, the letters of:a subseguence ofi S

appear in order in'S, but they are not required to be
CONSECUtIVE.

1he longest common Sulbsequence propvlem is to finda
maximum length common subsequence between two
SEUENCES.



LCS

oK Instance,
Sequence 1 president
SEquence 2: providence
Its [LCS IS pricen.

president

T

providence




LCS

Another example:

Sequence 1: algorithm

Sequence 2: alignment
One ofiits LLESIs algm.

a lgor i1t hm
a 1l 1 gnment



How to compute LCS?

llet A=, a...a,and B=h;b....h,, .
len(l; J)= the lengthrofian LLES between
&3,...a;and b b,...b;
\With proper initializations, len(i; J) can be computed as follows.

0 ifi=0or j=0,

len(i, j) ={len(i -1, j—1) +1 if i, j>0and a; = b;

max(len(i, j—1),len(i-1,J)) ifi, j>0and & #b;.




procedure LCS-Length(A, B)
1. fori<—0tomdolen(i,0) =0

2. forj«<—1ltondolen(0,)=0
3. fori<—1tomdo
4 forj<—1tondo

5, ifa,=b; then Pen(i’.j).: ent- b=
prev(i, j) =" w_
6. else if len(i—1, ) > len(i, j - 1)
len(i, j) =len(i-1, ))
7. then orev(i, j) =" 4 "
len(i, j) =len(l, j —1)
8. else {prev(i, =" "

return len and prev
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The backtracing algorithm

procedure Output-LCS(A, prev, i, j)

1 if 1=0 or j=0 then return

- o Output — LCS(A, prev,i—1,]-1)
if prev(i, j)="% " then orint a

3 elseif prev(, ])z”f “ then Output-LCS(A, prev, i-1, |)
4 else Output-LCS(A, prev, i, j-1)
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Warshall’s Algorithm: Transitive Closure

- Compuites the transitive closure of a relation
o Alternatively: existence of all nontrivial paths in a digraph

» Example of transitive closure:

0010 0010
1001 1111
0100 1111



Warshall’s Algorithm

Constructs transitive closure T:as the last matrix in the sequence
of n-by-n matrices RO, ..., RW, ..., RO where

R®[ij] = 1 iffithere is nontrivial path from i'to j with only: the
first k vertices allowed as intermediate

Note that R%'= A (adjacency matrix), R™W =T (transitive closure)

LR BRA



Warshall’s Algorithm (recurrence)

On the k-th iteration, the algorithm determines for every. pair: of
vertices I, | If-a path exists from 1'and | with just vertices 1.....K
allowed as intermediate

RESOTN] (path using just 1 ....,k-1)
RGNS 0)f
RSO ancFRESHNIGHS N (path hiromuitork
and from k to |
using just 1 ,....k-1)

N Initial condition?



Warshall’s Algorithm (matrix generation)

Recurrence relating elements R® to elements of R is:

RTINS RS PoR(RES ik ran i RSO K]

It implies the following rules for generating R from R&D:

Rule 1 Ifian element in row i'and column jiis 1 in R&D]
It remains 1 in R®

Rule 2 Ifianielement in row i:and column jis 0'in REY;
It has to be changed to 1 in RWifand only if
the element i its row i'and column k and the element
In its column jand row k are both 1°s in R



Warshall’s Algorithm (example)

8

=



Warshall’s Algorithm (pseudocode and analysis)

ALGORITHM Warshall(A[l..n, 1..n])

/Mmplements Warshall’s algorithm for computing the transitive closure
//Input: The adjacency matrix A of a digraph with n vertices

//Output: The transitive closure of the digraph

RO 4

fork < 1tondo
fori < 1tondo
for j < 1tondo
Riﬁﬁ'}[fﬂ !] e R{:k_l'}[f, j] or (:R':k'_l:}[i, k] and Rlﬁ:ﬁf—l}[kj ,-']]
return R

Thime efficiency: 0(n°)
Space efficiency: Matrices can e Written oVer thelr PreCECESSOrS
(with some care), so it’s O(n"2).



Floyd’s Algorithm: All pairs shortest paths

Problem: Inaweighted (di)graph, find shortest paths between
EVErY pair of VEFTICES

Same idea: construct solution throughi series of matrices D9, ...,
D W using increasing subsets ofithe vertices allowed

as intermediate

Example: I



Floyd’s Algorithm (matrix generation)

On the k-th iteration, the algorithm determines snortest paths
PEtWeen every pair ofi VEFLICES I, | that use only VErtices among
1.....,k as intermediate

DS DSOS DS DSOS

D&ED[iK]

_m
------------
--------
st
.
Y
o

6 Initial condition?



Floyd’s Algorithm (example)



Floyd’s Algorithm (pseudocode and analysis)

ALGORITHM Floyd(W|[1..n, 1..n])

//Implements Floyd’s algorithm for the all-pairs shortest-paths problem
/[Input: The weight matrix W of a graph with no negative-length cycle
//Output: The distance matrix of the shortest paths’ lengths

D <« W //is not necessary if W can be overwritten

for k <— 1tondo
fori < 1tondo
for j < 1tondo

return D

: . : 3 Since the superscripts k or k-1 make
Time siflddeneys S(n7) no difference to DIi k] and D[k,j].

Space efficiency: Matrices can be written over their predecessors

Note: Works on graphs with negative edges but without negative cycles.
Shortest paths themselves can be found, too.



Optimal Binary, Search Trees

RProblem: Givenin keys a; < ...< a, and probabilities py; ..., 0x
searching for them, find a BST with a minimum
average nNUMBEK oficomparisons in successtulisearch.

Since total number: off BSHs With n'nodes Is given by,
C(2n,n)/(n+1), whichigrows exponentially, brute force 1S hopeless.

Example: What 1s an optimal BST: for keys A, B, C, and D with
search probabilities 0.1, 0.2, 0.4, and 0.3, respectively?

(c) .
Average # of comparisons
© ©O = 1*0.4 + 2%(0.2+0.3) + 3%0.1

° =1.7



DP for Optimal BST"Problem

et ClI,j] be minimum average nUMBEr of:comparisons made in
T[ij]; optimal BSTforkeysa; <...<a;, where 1 = I'< <.
Consider optimal BSTamong all' BSTs with some a, (I= k= |)
as their root; T1,J] 1s the best among them.

(&, Clj]=

min {p,- 1+
i<k<]

Ps (level agin T{ik=1] +1)) +

Optimal S= I
BST for

Optimal

ak+1 y wany aj

|
> P (levelag i T{k+1 5] +1)F
S =k+1




DP for Optimal BSTProblem (cont.)

After simplifications, We obtain the recurrence for Cli.jl:

O
— .
—
[—}

n



Example: key A B C D

probability 0.1 0.2 04 0.3

[ihe tables below are filled diagonal by dlagonal the left one Is filled
uIsing the recurrence
Clijl = min{C[ik-1] + Clk+1,jI5 + Z Ps, ClLil=p;;

I<k<) S=1
the right one, for trees’ roots, records k’s values giving the minima
Il of1L 2|3 |4 0|1 |23 |4

| |
1 0|1 |4 11|27 | |2 1 |23 (G}
2 0 |2 |8 |14 |2 2 |3

: 4

optimal’BST

51 W W] W

i

(@)

(09)
a| 5| W




Optimal Binary, Search Trees

ALGORITHM OptimalBST(P[1..n])
//T'inds an optimal binary search tree by dynamic programming
//Input: An array P|1..n] of search probabilities for a sorted list of n keys
//Output: Average number of comparisons in successful searches in the
if optimal BST and table R of subtrees’ roots in the optimal BST
fori «— 1tondo
Cli,i —1] <0
C[i, 1] < P[i]
R[i,i] < i
Cln+1,n]«<0
for d < 1to n — 1 do //diagonal count
fori < 1ton —ddo
J—i+d
minval « oo
for k < i to j do
if Cl[i, k — 1]+ C[k + 1, j] < minval
minval < Cli, k — 1]+ Clk+ 1, j]; kmin <k
Rli, j] < kmin
sum < P[i]; fors < i+ 1to j do sum < sum + P|s]
Cli, j] < minval + sum
return C[1, n], R




Analysis DP for Optimal BST Problem

Time efficiency: O(n°) but can be reduced to ©®(n?) by taking
advantage of: monotonicity ofientries in the
root table, 1.e., R[i;j] 1s always in the range
petween R{ij-1] and R{i+1,j]

Space efficiency: ®(n?)

Method can be expanded to inclucde unsuccessful searches



