Exercice 1

V((ZB, Y, Z)a (wla Y1, Zl)) € R3x R37 (z,y,2) + (5131, Y1, Zl) =(z+z1,y+y1,2+ Zl)

Va € R, V(z,y,2) € R?’? a(z,y,z) = (az, ay, az)

a) Conditions sur la loi interne + définie de R3 vers R3 : (R?’, +) est un groupe commutatif

a.1) la loi + est commutative sur R3 :

Pour tout u; = (T1,Y1,21) €ER3 , usy = (z2,y2,22) € R3,0na:
ur + uz = (1, Y1, 21) + (T2, Y2, 22) = (1 + 22, Y1 + Y2, 21 + 22) = (T2 + 21, Y2 + Y1, 22 + 21)
= (@2, Y2, 22) + (T1, Y1, 21) = vz + ux

a.2) la loi + est associative sur RS :

Pour tout u; = (z1,Y1,21) € R, uy = (z2,y2,22) € R®, uz = (x3,y3,23) ER3, 0na:
(u1 + uz)+us = [(®1, Y1, 21) + (@2, Y2, 22)] + (@3, Y3, 23) = (1 + T2, Y1 + Y2, 21 + 22) + (@3, Y3, 23)
= ((z1 + z2) + ©3, (y1 + y2) + Y3, (21 + 22) + 23)
= (21 + (2 + z3) , y1 + (y2 + y3) , 21 + (22 + 23))
= (@1, Y1, 21) + (T2 + T3, Y2 + Y3, 22 + 23)
= (21, Y1, 21) + [(Z2, Y2, 22) + (T3, Y3, 23)] = w1 + (u2 + us)

a.3) R3 admet un element neutre Ogs par rapport a + :

Pour e = (e1,e2,e3) €ER® et (z,y,z) € R3 = (e1,e2,€3) + (z,9,2) = (z,y,2) =
e1t+xTx==x e1 =0

= (e1+ @ e2ty,es+2)=(2,9,2) = eaty=y =4 e2=0 = Ogs =(0,0,0) € R?
es+z==z e3 =0

a.4) Chaque element u = (x,y, z) € R3 admet un element symetrique v’ € R3 :

Pour u = (z,y,z) et v = (2',y',2)ona:

u + v = Ops @(m,y,z)—i—(m’,y’,z’) :(0,0,0)<:>(m+m',y+y’,z+z') = (0,0,0)

z+z2' =0 = —zx
= y+y =0 & Yy =—y ¢>_(a%yaz):_u:u,:(m,9y,az,):(_ma_ya_z)€R3
z+2' =0 2= —=z

b) Conditions sur la loi externe définie de (R, IR3) vers R3 :

Pourtoutae € R, 3 € R,u = (z,y,2) E R3et v=(2/,y,2) € R®
b1) (aB)u = a(Bu)
(aB)u = (aB) (z,y, z) = ((aB)z, (aB)y, (aB)z) = (a(Bz),a(By),a(Bz))
=« (/6:1:5/6'.‘/7 ,@Z) =« (/6 (ZL‘, Y, Z)) = a(ﬁu)




b.2) (a+ B)u = au + Bu
(a+B)u=(a+pP)(z,y,2) = ((a+B)z, (a+ By, (a+ B)2)
= (az + Bz, ay + By, az + Bz) = (az, ay, az) + (Bz, By, Bz)

=a(z,y,2z) +B(z,y,2) = au+ Bu

b.3) a(u + v) = au + av

a(u+v) =al(z,y,z)+ (2,y,2 )] =a(@+z,y+y,z+2)
=(a(z+2),a(y+y),a(z+72)) = (az+az’,ay + oy, az + az’)
= (az,ay,az) + (az',ay’, a2') = a(z,y,2) + a (2, ¥/, 2') = au + av
b.4) 1u = u.

lu=1(z,y,2) = (1l.xz,1.y,1.2) = (z,y,2) = u

de a) et b) on déduit que (R3, +, ) est un R—espace vectoriel




Exercice02 v; = (0,1, —2) , v2=(1,1,0) , v3=(—2,0, —2)

I. )\1’01 + Az’l]z + )\3'[)3 = )\1 (O, 1, —2) + )\2 (1, ]., 0) 5 +A3 (—2, 0, —2) = (A2 — 2A3, Al + Az, —2A1 — 2A3)

Az — 223 = O.... X (—1) 23 + A = O..eeee X (1)
A1v1 + A2v2 + Azvg = (0,0,0) & A1+ X2 =0...... X(1) <9 AM+X=0
—2A; —2X3 =0 —2X; — 2A3 = 0.... X (1)
—A1=0 A =0 Ap =0
Sy A1 +A2=0 S5 0+X=0 <5 A2=0
—2X\1 —2X3 =0 0—2X3=0 A3 =0

Puisque )\1’1)1 + )\2’02 —+ )\3’1]3 = ORS = )\1 = )\2 = >\3 =0
Alors v = (0,1,—2), vo = (1,1,0), vz = (—2,0,—2) sont linéairement indépendants =
= {v1, v2, v3} forme une Base de R3

2. )\1'01 + Az’Uz + )\3'[)3 =U<«% (Az —_ 2A3,A1 + Az, —2A1 — 2A3) = (t, 5, —5) <~

A2 — 2A3 = toeeee. X (—1) 2X3 + Ap = —t+ 5. X (1) —2X1 + A1 = —t
AL+ A2 =5 X(1) € A+A=5 SS9 A+A=5 <
—2A; —2X3 = —5 —2A1 — 2A3 = —5.....e. X (1) —2X1 — 2A3 = —5
A=t A=t A=t
&= t+Xa=5 <9 A2=5—1t Sy A2=5—1t
—2t—2X3 = —5 —2X3 = —5 + 2t Az =3 —t

En effetpourt € R — {0,5,2} ,ona:
£(0,1,—2)+(5 — £) (1, 1,0)+ (2 — £) (—2,0,—2) = (0+5— t — 5+ 2t,t +5— t +0,—2t + 0 — 5 + 2¢)
= (t757_5)

Exercice03

1E={(z9,21t €RY z—y—z+2t=0}

La) 0—-0-0+4+2x0=0= (0,0,0,0) € E
*ur = (21,Y1,21, t1) € Eetus = (22, Y2, 22,82) € E = T1—y1—211+2t = 0et T2—y2— 224282 =0
= (z1—y1—21+2t)+ (2 —y2 — 22+ 2t2) =0
= (z1 +®2) — (Y1 +y2) — (21 +22) +2(t1 +2) =0
= uy +uz = (1 + 22,y1 + Y2, 21 + 22,81 + t2) € E
*u=(r,y,2t) EE=>r—y—2+4+2t=0=>A(z—y—2+2t) =Az — Ay — Az +2Xt =0
= Au = (Az, Ay, Az, At) € E
On déduit donc que E est un R— espace vectoriel sur R*.
Lb) r—y—24+2t=0=>x=y+ 2 — 2t
= (z,y,2,t) = (y+ 2z — 2¢t,y,2,t) = y(1,1,0,0) + 2 (1,0,1,0) + t(—2,0,0,1)

= {(1,1,0,0),(1,0,1,0),(—2,0,0, 1)} est une base pour ’espace E = dim (E) = 3




IL. F={(z,y,2z,t) ERY 2—y=0, 2=¢t=0}

Ia 0—0=0,0=0=0= (0,0,0,0) € F
*uy = (1,Y1,21,t1) € F et uy = (2, Y2, 22,t2) € F =
=21 —Y1=0,21 =t =0etxes —y2=0,20 =13 =0
S (@i+z2)—(1+Y2) =1 —y1+22—Y2=0,21+22=t1 +t2=0=>us +uz € F
*r—y=0,z=t=0=>Az—Ay=A(z—y)=0etAz=At=0=
= Au=A(z,y,2) = (Az, Ay, Az) € F
On déduit donc que F est un R— espace vectoriel sur R*.
Ip z2—y=0,z=t=0zxz=yetz=t=0= (x,y,2,t) = (¢,2,0,0) = 2 (1,1,0,0) = dim (F) =1
1. ENF ={u€R*, telque: uw=y(1,1,0,0) + 2 (1,0,1,0) + ¢(—2,0,0,1) etu =z (1,1,0,0)}
y(1,1,0,0) + 2 (1,0,1,0) + t(—2,0,0,1) = 2 (1,1,0,0) <z =yetz=0ett =0
=ENF ={ucR* telque: u=x(1,1,0,0)} = E
E+F = {u€R* telque: v=1y(1,1,0,0) + 2(1,0,1,0) + t(—2,0,0,1) + = (1,1,0,0) }
v=1y(1,1,0,0)+ 2(1,0,1,0) + ¢t(—2,0,0,1) + = (1,1,0,0) =
=(z+vy)(1,1,0,0) ++2(1,0,1,0) + t(—2,0,0,1) = v’ (1,1,0,0) + 2 (1,0,1,0) 4+ ¢(—2,0,0,1) € F
= E+F=F
Hl.a dim (ENF) =dim(E) =1etdim(E + F) =dim (F) =3

b E+F=F#R‘ea¢ENF=E # {0} = E®F #R*






