University of M’sila
Science Faculty

Physics department

Second-year Master of Theoretical Physics
Classical and quantum mechanics of time-dependent systems
The college year 2020-2021
Chapter 1
PATH INTEGRALS IN NON-RELATIVISTIC QUANTUM MECHANICS

In this chapter, we study the concepts of propagators in the framework of non-relativistic
guantum theory. To simplify we work with one coordinate only and then we generalize the
results to the case of two and three dimensions.
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Propagator of the Schrodinger equation

It is well known that the nonrelativistic particle in a one-dimensional potential V(x) can
be described by the following Schrédinger equation :
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Wher h=% is the reduced Planck constant and H is the Hamiltonian operator. This

equation can be rewritten into the following equivalent form :
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The Green’s function K(x,t,x,,t;) of the Schrodinger equation is defined as a solution of the
following equation :
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It is also called the propagator.
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The propagator K(x,t,x,t,) postulated to satsfy the following intial condition :
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It is possible to propose the following solution of the Schrdodinger equation which written in
Eq. (2) as follows :
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We can be proven by replacing a proposed solution in Eq. (2)
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The proposed solution to Schrddinger's equation gives us the wave function at any time t that
follows, the initial time t,.

ALY Aaall) aey U ¢ ey Adaad (ol 8 As gl A0 Liglany jainn gyl Aalaal & il Jall )

The propagator K(x,t,x,,t,)is interpreted as a probability amplitude for a transition from the

initial coordinate x at the initial time t, to the final position xat letter time t.
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Homework 1

Show the propagator K(x,t,x;,t,)in terms of the eigenfunctions ¢, (x) and eigenvalues E,
of the underlying Hamiltonian operator H can be expressed as follows :
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Whereas

Ho, (x)=E,0,(x)

X 0110, 1) = alx- ) )
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Homework 2

Show the propagator K(xt,x,t)in Eq. (6) can be expressed in the Heisenberg
representation as follows :
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Here H is the time-independent Hamiltonian operator. For simplicity, we shall consider
in the first instance a system described by a generalized Q with a conjugate momentum P,
we have for the Shrodinger picture :
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Since Q,, is time-dependent for Heisenberg picture, so are its eigenstates |q,t) satisfied the
following postulate :
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The relevant connections between the two pictures are given by :
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The probability amplitude that a physical system which was in the eigenstate |q;.t;) at the time
t. will be found to have the value qof the operator Qat time t is given by :
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We start by dividing the time interval between the initial t, and final time t by inserting the
intermediate ime t,. The wave function is first propagated until t,, in a first step, and then until
final timet, in a second step :
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We combined these two equations we obtain :
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Which allows us to get the following interesting result:
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Allowing conclude that the transition from (x;,t,) to (x,t) as a result of a transition from
first(x,,t,) to all possible intermediate points (x,,t, ), which is then followed by a transition from
these points (x,,t,) to the final point (x,t).
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We now dividing the time interval from t, and final time t into N +1small steps of equal
length &, with :
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Let the steps begin at t,,t,,t,,...,t,. We then obtain a direct generalization of the results
(19) to becomes as follows:
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We now calculate the elementary propagator for a small time interval » =t,,, —t, from t, to
We apply Eq . (15) to obtain :
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The Hamiltonian operator H(p,q) composed of two operators, the first T(p) is the kinetic
energy operator while the second operator V(g) is the potential interaction :
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Which allows us to write the following result:
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We now, consider the first term in Eq. (25) :
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We have introduced :
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Also, we have :
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This allows us to write the following result:
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On the other hand, we have :
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Thus the equation 29 becomes a as follows :
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Homework 3

Show the second term in Eq. (25) (q;.,V(G)q;), can be expressed as follows :
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Now, we compained between the two Egs. (31) and (32) to obtain the elementary
propagator as follows :
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In the above equation H(p;,q; ) is just a function of the variables (p;,q;) and doesn't represent

an operator. We now insert Eq. (32) which present the elementary propagator into Eq. (21)
to obtain the propagator:
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In the limit N — +w0, for the exponent we obtain :
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Which allows us to rewrite the propagator to the new form :
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K(a.t.a,t)=[D,[D, exp{%tjdt'[p(t')— H(p(t'),q(t'))]} (34)
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For the special case, in which the Hamiltonian function H(p(t)q(t)) depends only
quadratically on variable p(t') :

ualal) Al dallaa

2

H(p,Q)=§—m+V(q) (35)

We combined the Egs. (35) and (34) to find easily the expression
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Homework 4

Apply the special integral relation :
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Show that the propagator expressed, in Eq. (36), will be in the following form :
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Here N represents the factor and the classical action S(q(t')) is given by :
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)= [dr L(dq—(t'),q(toj (39)
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Homework 5

For free particle, we have V(q)=0, thus the propagator reduced to the following expression :
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Apply the special integral relation
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To find the free propagator, in the coordinates space, expressed in the following form :
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where At=t-t, and Ag=q-gq,. In the momentum representation, the free propagator
expressed as follows :
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To find the free propagator expressed in Eq. (43) will be in the following form :
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Allows reading of the eigenvalues of free particle :
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This is, of course, the expected result.
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Wait for the second chapter soon
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