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Exercice 01 : Let £ = {a,b,c,d} be a set,
1. Determine which is topology in the following families : 71 = {0, E, {a}, {c,d},{a,c,d}},
7 ={0, E,{a},{c,d},{b,c,d}}, 3 = {0, E,{a},{a,b},{a,b,c}}.
2. In topology cases, find the closed sets?
Exercice 02 : Let a € R, I, =]a; +oo[ and 7 = {0, R, I, (o € R)},
1. Prove that (R, 7) is a topological space ?
2. Compare between 7 and the usual topology of R?
Exercice 03 : Let E = {a,b, ¢,d} be a set endowed with the topology 7 = {0, E, {a}, {b}, {a, b}, {a, c}}.
1. Show that 7 is a topology ?
2. Are {a},{a,b} closed sets?

Exercice 04 : Let R be a real line endowed with the topology 7 = {@,N,Z,Q,Cﬁ%,cg U
N,C2UZ,R}, and assume that D = {3,/3}.
1. Find V(D), D', Fr(D),Ext(D).
2. Prove that D is dense in R. Conclude?
3. Compare between the induced topology 77 and the trivial topology of Z 7
Exercice 05 : Find the interiors and the closure of the following subsets :
A= {—1+l,n € N}
B =] —1,1[U{2} U[3,4]
C={reR:z?2<4}n]L,5|
D=QnNn[-1,1]
Exercice 06 : Let (F,7) be a topological space. We equip E? with the product topology.
Show that F is Hausdorff (separated) if and only if A is closed in E?.
where A = {(z;z) : © € E} (the diagonal of E?).
Exercice 07 : Let E = C([0,1],R). We define the function d : E x E — R as follows :

Vig e E:d(f.g) = |£(0) - g(0)] + / () — g(0)]dt

1. Show that d is a distance on E 7
2. Find the open ball of (E,d)?
Exercice 08 : Let R = RU {—o00, +o0}, and let f : R — [~1,1] such that :
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Show that d(z,y) = |f(x) — f(y)| define a distance on R, and find B(0, 1), B(0,1).



Exercice 09 : Let U be a subset nonempty of R, endowed with the usual topology
(R, ].]). We define :

—U={-z:2€U}

N ={ z:2eU} (NeRY)

a+U={a+z:2e€U} (a €R)

Prove that :

1. U open < —U open.
2. U open < AU open.
3. U open < a + U open.

Exercice 10 : Let E be a vector space on K =R ou C. We say a norm on F a map

I E—R"

v — |l

|z]| =0 <=2 =0,
such that : ¢ Va € K,Vx € E : ||azx| = |af||z|, (Homogeneity),
Vo,y € E |z 4yl <|lz+yl, (Triangle inequality).

Let d: E x E — Rt | define by d(z,y) = ||l — y||,Vz,y € E.
Show that d is a distance on £ ?



