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1.0 Introduction

The Equation of state is a thermodynamic model that relates some state functions. The state functions in the equation of state describe the state of matter under a given condition. Observable properties (pressure, temperature, mass, density, volume, etc) of gases are significant because their values determine the state of the gas. Therefore, variation in one or more property, while others are held constant, can provide useful information for predicting the state of a gas, through the establishment of the relationship between them. For example,
i. If the pressure and temperature are held constant, the volume of the gas depends on the mass (i.e amount) indicating that the relationship between mass and volume of the gas (i.e density) can be verified.
ii. If the mass and temperature are held constant, the product of the pressure and volume will be almost constant for real gas but exactly constant for ideal gas.
iii. If the mass and the pressure are held constant, the volume will be directly proportional to temperature, indicating that the ratio of the volume to temperature will be constant.

1

Other properties of gases can be verified through other relationships and the necessary equations obtained from such verification constitute equation of state. The equation of state is also applicable to other states of matter. For example, equation of state for modelling the transition of solid from one crystalline state to another, equation of state for perfect fluid (in cosmology) and equation of state for modelling the interior of stars (which includes neutron stars, dense matter and radiation. However, since the behaviour of gases can easily be modelled, we shall concentrate on gases.
2.0 Objectives

At the end of this module, students are expected to understand the following;

i. To know the meaning of equation of state with respect to gases
ii. To follow the trend in the development of equation of state
iii. To know and apply Boyle‘s law in solving mathematical problems
iv. To know and apply Charles‘ law in solving mathematical problems
v. To know and apply Dalton law in solving mathematical problems
vi. To know and apply ideal gas law in solving mathematical problems
vii. To know and apply van der Waals equation in solving mathematical problems

3.0 Main text

3.1 Development of equation of state

3.1.1 Boyle’s law

Robert Boyle (1662) was the first to develop a documented equation of state, which he obtained through series of experiments using J-shaped glass tube to study the variation of the volume of a fixed mass of a gas with pressure (at constant temperature). In support of Robert Boyle work, Edme Mariotte (1676) also confirmed the relationship between pressure and volume of a fixed mass of a gas at constant temperature. Boyle‘s law states that at constant temperature, the volume of a fixed mass of a gas is inversely proportional to its pressure. Mathematically, Boyle‘s law can be expressed as follows,

1
𝑉 𝛼 𝑃

𝑃𝑉 = 𝐾

Therefore, according to Boyle‘s law, the product of the pressure and volume for a given mass of a gas will always be constant provided the temperature is constant. It also implies that a plot of volume (V) against the inverse of pressure (1/P) and also a plot of pressure against volume will follow predicted patterns as shown in the figures below,
[image: ]
Fig. 1: Variation of pressure of ideal gas with the inverse of its volume according to Boyle’s law
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Fig. 2 Variation of pressure with volume according to Boyle’s law

3.1.2 Charles law

The next level of development of equation of state for gases was pioneered by Jacques Charles (1787) and Jospeh Louis Gay-Lussac (1802). Charles found that the expansive behaviour of air and some gases over a range of temperature, followed a similar pattern. In repeating similar experiments, Gay-Lussac found that there was a linear relationship between volume and temperature. Charles law states that at constant pressure, the volume of a given mass of a gas is directly proportional to its absolute temperature. Mathematically, Charles‘ law can be expressed as follows,
𝑉 𝛼 𝑇
𝑉
𝑇 = 𝐾
Hence, according to Charles‘ law, the ratio of the volume of a fixed mass of a gas to its temperature, will always be a constant provided the pressure is held constant. This also translate to interprets a plot of V against T as linear with zero intercept and slope, equal to K. Graphical representation of Charles‘ law in various forms are presented in Fig. 3 below
[image: ]

Fig, 3: Various plots representing Charles’ law

3.1.3 Dalton law

Dalton law (1801) is concerned about the partial pressure exerted by gases in a mixture. The law states that for a mixture of gases which do not react chemically, the total pressure of the gas is the sum of the partial pressures exerted by the individual gases in the mixture. This implies that if a components of a gas mixture are labeled as A, B, C, D	N, then the total pressure of the
gas will be expressed as
𝑁
𝑃𝑇  =	𝑃𝐴 +  𝑃𝐵  +	𝑃𝐶  +	𝑃𝐷	… … … . . + 𝑃𝑁 = ∑ 𝑃i
i=𝐴
3.1.4 The ideal gas equation
The ideal gas equation was developed by Emile Clapeyron, who combined Boyle and Charles laws in 1834. The equation can be written as,
𝑃𝑉 = 𝑛𝑅𝑇
where n is the number of moles of the gas and R is the universal gas constant, which is numerically equal to 8.314 J/mol/K

3.1.5 Van der Waal equation of state
In 1974, J. D. Van der Waals derived an equation of state that can be used to interpret the behaviour of real gases. This was necessary because real gases do not obey the ideal gas equation and at high pressures or low temperatures. Therefore, van der Waal equation is a modification of the real gas equation and can be written as,
a

(PV)cor   =  (P +

(PV)cor   =   (P +

V2) (V − b) = RT (for 1 mole of a gas)
a
V2) (V − b) = RT (for n moles of a gas)

From the above, the pressure term is corrected by a/V2 while the volume term is corrected by ‗b‘. This equation expects that for a real gas, the pressure will increase by a factor of a/V2 while the volume will decrease by ‗b‘, compared to an ideal gas.
Solved problem 1
Calculate the volume of 1 mole of an ideal gas at 1 atm pressure and at 0 C. Comment on your results, with respect to the expectation for all ideal gases

Solution

The needed equation is PV = nRT.  Where

P is the pressure, given as 1 atm = 102325 Pa n is the number of moles given as 1
R is the gas constant, which is numerically equal to 8.3144 J/K/mol T is the temperature, given as 0 C = 273 K
Therefore,



𝑉 =

𝑛𝑅𝑇
𝑃	=

1 × 8.3144 𝐽𝐾−1𝑚𝑜𝑙−1


102325 𝑁𝑚−2


= 0.0224 𝑚3 = 22.4 𝑑𝑚3


The volume occupy by one mole of an ideal gas under standard temperature and pressure is the same for all gases and is called molar volume of a gas.
Solved problem 2

If the density of ethane is 1.264 g/dm3 at 20  C, calculate the molar mass of ethane. Given that H= 1.00794 and  C = 12.0107 compare the result obtained from your calculation with the actual molecular mass. Account for any difference, if it exists.
Solution

1 dm3 = 0.001 m3 of ethane weigh 1.264 g at 283 K (i.e, 20  C). Applying the ideal gas law, we have,
𝑃𝑉 = 𝑛𝑅𝑇



𝑃𝑉 =

𝑀𝑎𝑠𝑠 𝑜ƒ 𝑒𝑡ℎ𝑎𝑛𝑒
𝑀𝑜𝑙𝑎𝑟 𝑚𝑎𝑠𝑠 𝑜ƒ 𝑒𝑡ℎ𝑎𝑛𝑒 (𝑅𝑇)




𝑀𝑜𝑙𝑎𝑟 𝑚𝑎𝑠𝑠 𝑜ƒ 𝑒𝑡ℎ𝑎𝑛𝑒 =

𝑀𝑎𝑠𝑠 𝑜ƒ 𝑒𝑡ℎ𝑎𝑛𝑒 × 𝑅 × 𝑇


𝑃 × 𝑉


𝑀𝑜𝑙𝑎𝑟 𝑚𝑎𝑠𝑠 𝑜ƒ 𝑒𝑡ℎ𝑎𝑛𝑒 =

1.264 × 8.3144 𝐽𝐾−1𝑚𝑜𝑙−1 × 293 𝐾
101325 𝑁𝑚−2 × 0.001 𝑚3	= 30.40 𝑔/𝑚𝑜𝑙


The formula of ethane is C2H6 indicating that its molar mass = 2(12.0107) + 6(1.00794) = 24.0214 + 6.04764 = 30.07 g/mol. The difference between the two set of values is 0.33. This is due to the fact that in a real gas, there exist intermolecular forces which are not taken into consideration in the ideal gas model.
Solved problem 3

(a) A mixture of 6.5 mol of hydrogen gas and 3.5 mol of oxygen gas was placed in a 3 m3 container at 273 K. Calculate the partial pressures of the individual gases.
(b) Also calculate the total pressure of the gas mixture

Solution

(a)	According to Dalton‘s law, 𝑃𝑇𝑜𝑡𝑎𝑙 = 𝑃𝐻2 + 𝑃02

But the ideal gas law states that PV = nRT, therefore,


𝑃	= 𝑛𝐻2 𝑅𝑇 and 𝑃


= 𝑛02𝑅𝑇


𝐻2	𝑉

02

𝑃𝐻2 =

𝑃02 =

𝑉

6.5 𝑚𝑜𝑙 × 8.314 𝐽𝑚𝑜𝑙−1𝐾−1 × 273 𝐾
3 𝑚3	= 4917.97 𝑃𝑎
3.5 𝑚𝑜𝑙 × 8.314 𝐽𝑚𝑜𝑙−1𝐾−1 × 273 𝐾
3 𝑚3	= 2648.01 𝑃𝑎


(b)	According to Dalton‘s law, the total pressure of the gas mixture is the sum of the partial pressures. Therefore,
𝑃𝑇𝑜𝑡𝑎𝑙 = 𝑃𝐻2 +  𝑃02


𝑃𝑇𝑜𝑡𝑎𝑙

= 𝑛𝐻2 𝑅𝑇
𝑉

+   𝑛02 𝑅𝑇
𝑉


𝑃𝑇𝑜𝑡𝑎𝑙 = 4917.97 𝑃𝑎 + 2648.01 𝑃𝑎 = 7565.98 𝑃𝑎



Solved problem 4
(a) A given gas mixture consists of 2.24 mol of nitrogen and 1.37 mol of oxygen; Use the ideal gas equation to calculate the total pressure of 10 m3 of the gas mixture at 273 K.
(b) Use the mole fraction of the respective components of the gas mixture to calculate the corresponding partial pressures.
Solution

(a) The total pressure in the gas mixture can be written as,

𝑃𝑇𝑜𝑡𝑎𝑙 = 𝑃𝑁2 +  𝑃02


𝑃	= 𝑛𝑁2𝑅𝑇


+   𝑛02𝑅𝑇   =   𝑅𝑇 (𝑛
	

+   𝑛	)

𝑇𝑜𝑡𝑎𝑙	𝑉

𝑉	𝑉

𝑁2	02


= 8.314 𝐽/𝑚𝑜𝑙/𝐾 × 273 𝐾 (2.24 +   1.37)𝑚𝑜𝑙 = 819.27 Pa
10 𝑚3

(b) The mole fraction of nitrogen and oxygen can be calculated as follows,


X	=	𝑛𝑁2

2.24
=	= 0.6205


𝑁2

𝑛𝑁2

+  𝑛02

3.61

X	=	𝑛0202


1.37
=	= 0.3795

𝑛𝑁2     + 𝑛02

3.61


The total pressure of the gas mixture is related to the mole fraction according to the following equation,
𝑃𝑁2 = X𝑁2 𝑃𝑇𝑜𝑡𝑎𝑙 = 0.6205 𝑥 819.27 𝑃𝑎 = 508.35 𝑃𝑎

𝑃02 = X02 𝑃𝑇𝑜𝑡𝑎𝑙 = 0.3795 𝑥 819.27 =   310.91 𝑃𝑎
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